APPENDIX A

Mathematical supplement

A.1. Matrices and matrix norms

We consider n x n matrices with complex entries. Such a matrix a is hermitian if it
equals its conjugate transpose, a = a*; it is non-negative if (1, ay) > 0 for all vectors
®. A hermitian matrix a is diagonalizable: there is a unitary matrix U (meaning
U* = U~1) such that U*aU is diagonal. The eigenvalues of a hermitian matrix a
are all real. A hermitian matrix is non-negative if and only if all its eigenvalues are
non-negative.

If D = diag(dy,...,dy,) is a diagonal matrix, and f is a real-valued function whose
domain contains all the entries d; of D, then we define
f(D) =diag (f(dy),..., f(dn)). (A1)

This definition extends to hermitian matrices via diagonalization: If a is an hermitian
matrix and f is a real-valued function whose domain contains the spectrum of a, and
a is diagonalized as a = Udiag (A1, ..., A,)U™, then we define

fa) = Udiag (f(A1), .., f(An))U™. (A.2)

For an arbitrary n x n matrix a, the matrix a*a is hermitian. We define the absolute

value by |a| = (a*a)%, where the square root of a*a is defined as above. Then |a| is
hermitian. The p-norm of a matrix is then defined as

lall, = (Tr|al?)'/>. (A3)

We also define the operator norm of a by

lay)]]
|a|| = sup (A.4)
vro |19
where [|[¢]| = (3, \¢i|2)1/2 is the usual vector norm. Note that ||a||ec = limy o ||all, =

|la||, the operator norm of a.

A.2. Holder inequality for matrices

PROPOSITION A.1 (H6lder inequality for matrices). If1 < p,q,r < co with
I%—i—%:%, we have

labll- < llallp|[bllg-
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It follows from a simple induction that

n n
ITTas|| < I Nasl, a3)
=1 " j=1

whenever 1 < r,p1,...,p, with Z?:l pi]- = %
There are no short proofs in the case of matrices. The proof here is due to Frohlich
[1978] and it uses chessboard estimates. The proof of Proposition A.1 can be found

after that of Lemma A 4.

LEMMA A.2 (Chessboard estimate). For any n € N and any matrices
ai,...,as,, we have
2n
1/2n
‘Tr aj .. .agn‘ < H(Tr (a,-af)") .
i=1

PROOF. Since (a,b) — Tra*b is an inner product, we have the Cauchy—Schwarz
inequality: |Trab|?> < Tra*aTrb*b. The following inequality follows:

‘Tral...agnlz < Tr (al...anaz...a“{) Tr(a;n...azﬂanH .. .agn). (A.6)

This allows to use a reflection positivity argument. By replacing a; with a;//Tr (a;af)"
it is enough to prove the inequality for matrices that satisfy Tr (a;a})"™ = 1; the general
result follows from scaling. Note that the set of such matrices is compact.

Let aq,...,as, be matrices that maximise |Tray ... ag,|, with maximum number of
matching neighbours a;11 = a;. Suppose there exists an index j such that a1 # a}.
Using cyclicity, we can assume that j = n. By the inequality (A.6), ai,...,an,a},...,a}
and aj,,...,a;,1,0n41,...,02, are also maximisers. At least one has strictly more
matching neighbours, hence a contradiction. The maximum is then Tr (aa*)™ for some
matrix a € {ay,...,a,}, which is equal to 1. O

Chessboard estimates allow to prove what is essentially the case r = 1 of Holder’s
inequality.

COROLLARY A.3. We have
n
Tras ... an| < [ llaillp,
=l

for all n and all p; > 1 such that Y ;- [%i =1.

PROOF. It suffices to consider rational p;, by continuity. Let ¢ be a positive integer
such that 2¢/p; is integer for all i. Let a; = Uj|a;| be the polar decomposition of a;,
and let

by = |a;[Pi/*, b; = Uylay [P/ (A7)
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Then a; = Bibgﬂ/pi)_l, and we have

|Tray...an| =|Trbyby...by...byby... by
SN—— N——

(2¢/p1)—1 (2¢/pn)—1

n
< [ (T laidr) (a9
=1

Il

@
Il
—_

laillp;-

The inequality follows from Lemma A.2 and from the identities

Tr (bsb?)* = Tr (bib})* = Tr |a;|P". (A.9)

LEMMA A 4. Letr,r' € [1,00] such that %—I—% = 1. Then for any square matriz
a, we have
llall, = HllaX Trc*a.
=1

I
PrOOF. The right side is smaller by Corollary A.3:

‘Trc*a‘ < lell+lallr = [lalr- (A.10)

In order to check that this inequality is saturated, let a = Ula| be the polar decompo-
sition of @, and choose ¢ = ||a||}~"Ula|"~!. Then ||c||,» = 1 and Trc*a = ||al|,- O

PrROOF OF PROPOSITION A.l. Starting with Lemma A.4 and then using Corollary
A.3 with a1 =c¢*, as = a, a3 = b and p; = r, po = p, p3 = ¢, we have

|lab|l, = sup Trc*ab
flell, =1 (A11)
< sup |lef[m|allp|bllq-
flell, =1
O

A.3. Trotter and Duhamel

We now review a ueful expansion for the exponential of a sum of two non-commuting
operators, namely the Duhamel formula.

ProOPOSITION A.5 (Lie-Trotter formula). Let a,b be n x n matrices. Then

a+b __ li Lo i N _ 1 La 1 N
e = lim (eN®eN = lim |eM* (14 «b)| .
N—o0 N—oo
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ProOOF. We prove the second formula — the mild changes for the other formula
are straightforward. Let Ky be the matrix such that

eN® (14 +b) = 1+ & (a+b) + K. (a12)
It is clear that ||[Ky|| = O(ﬁ) We have
1, IINLE 1 N
e (1+xb)| = (14 x(a+0d)) +Rn, (A.13)
where Ry is a matrix whose norm satisfies
N-1
BNl < D2 () I+ Fa+)l* KV = O(5). (A14)
k=0
The first term in the right side of (A.13) converges to e+, O

PROPOSITION A.6 (Duhamel formula). Let a,b be n x n matrices. Then

1
ea+b — ot +/ eta be(l—t)(a+b) dt
0

= / dty...dtg e @ pelt2—tap  pell—trla
k>0 7 0<t1<--<tp<1

PROOF. Let F'(s) be the matrix-valued function
S
F(s) = e™ +/ etrpels—t(ath) gy (A.15)
0

We show that, for all s,
eslatt) — F(s). (A.16)
The derivative of F(s) is

F'(s)=e"a+ e b+ / ! pels=DEH) (4 4 b)dt = F(s)(a+ b). (A7)
0
On the other hand, the derivative of e*(@t?) is e%(@+%) (¢ + b). The identity (A.16)
clearly holds for s = 0 and, since both sides satisfy the same differential equation, they
must be equal for all s.
We can iterate Duhamel’s formula N times so as to get
N
ettt = / dty ... dtg @ pellz=tlep  pell=tia
0<ty <+ <tp<1

k=0 (A.18)
+/ dty ... dt etlabe(t2_t1)“b...b[e(l_tN)(‘”b) — e(l_tN)“].
O<t1<--<tn<l1

N
Using ||e'|| < e'lel | the last line is less than 2 ellll+IPl % and so it vanishes in

k
the limit N — co. The summand is less than ell@ll %, so that the sum is absolutely

convergent. ]
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A.4. Further matrix inequalities

PROPOSITION A.7 (Golden—Thompson inequality). Let a,b be hermitian
matrices. Then

Tr(ea+b) < Tr(ea eb).

ProoF. Hélder’s inequality, in the form (A.5) with » =1, p; = n and a; = ab, im-
plies that |Tr (ab)”| < ||lab||”. The latter is equal to Tr (a?b%)"/? since a, b are hermitian.
Letting n be a power of 2, we can iterate and we get

Tr (ab)" < Tra"b". (A.19)

1 . .
@ and b~ en’, which gives

We use this inequality with a — en
n
Tr (e%“ e%b) <Tre*e. (A.20)

The left side converges to Tr e®t® as n — oo by the Trotter formula (Proposition
A5). g

ProposITION A.8 (Klein inequality). Let f be a convex differentiable func-
tion, and a,b be hermitian matrices with eigenvalues in the domain of f. Then

Tr [f(a) — f(b) — (a = b)f'(b)] > 0.
With f(s) = e°, exchanging a and b, we get
Tr(e” — e’) < Tr(a—b)e”. (A.21)

PRrROOF. Let (¢;) and (¢);) be orthonormal bases of eigenvectors of a and b, and let
(a;) and (B;) the eigenvalues. Let ¢;; = (¢;,1;). Then

(¢3, [f(a) = f(0)—(a =) f'(b)] &)
= f(a) Z|CU‘ f(B;) Z|Cw’ 1'(8)

= Z!Cw\ — f(Bj) - (Ozi—ﬂj)f (8)]

>O.

(A.22)

PROPOSITION A.9 (Peierls—Bogolubov inequality). Let f be convex on R
and a, h be hermitian matrices such that Tr e = 1. Then

f(Trae_h) < Tr f(a)e™"
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PROOF. Let (¢;) and (n;) be the eigenvectors and eigenvalues of h. Using Jensen’s
inequality twice,

f(Trae - ( ¢17Q¢z € 771) Zf qﬁz,a@ )e i
(A.23)

Zﬁbw ?bzem_Trf()

PrOPOSITION A.10 (Peierls inequality). Let a be a hermitian matriz and
(¢i) an orthonormal set of vectors. Then

Z e{¢iadi) < Tre®.

i

PRrROOF. Let o be the eigenvalues of a with corresponding orthonormal eigenvectors

j. Then
eldiadi) — exp{Zaﬂ ¢u¢] ‘2} Z’ ¢u¢] |2 e (A.24)

We used Jensen’s inequality and

D i) P = Trlei) (6l = 1. (A.25)
J
The claim follows by summing over i, using >, [{(#,¥;)|? = Tr [1;) (1;] = 1. O

A.5. A discrete Poincare inequality

THEOREM A.11 (Discrete Poincaré Inequality on Z¢). Let
Q={1,...,n}¢czd,
and let u: QQ — R be a function with zero mean,

Z u(x) = 0.

z€Q
Define the discrete gradient by

(Viu)(z) = u(z + €;) — u(x),

whenever x and x + e; both lie in Q). Then there exists a constant Cy depending
only on the dimension d such that

Z u(z)? < Cgn? Z Z u(z + e;) — u(z))?. (A.26)

z€Q e i=1
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PROOF. Extend u to the discrete torus T¢ = (Z/nZ)? by setting it to be zero
outside {2 and then making it periodic. This does not increase the discrete Dirichlet
energy and preserves the zero—mean property:

1 .
(k) = — > u(w)emtka/n g eTd,

z€Td

so that u(0) = 0.
Using Parseval’s identity,

Y lu@)P=nt Y [ack)
zeTd keTd

The discrete gradient in Fourier variables satisfies

—

Vou(k) = (627”"%/" - 1) ak),

and hence

Z |V{LL(£L’)|2 _ ndZ’e%riki/n . 1‘2 |ﬂ(k‘)|2

z€Td k#0

Note that

' 27.2 2
‘eQWiki/n—1|2:4Sin2<7rkz> Z%%:%’
n ™ n n

using sint > 2¢ for ¢ € [0,7/2].
Summing in i = 1,...,d gives the lower bound for the discrete Laplacian symbol:

d 4
§ ‘€2ﬁiki/n_1‘2 > E’k‘Q, k#o
i=1

Therefore,

4 ~
> [Vu(@))? > ﬁndz |k [a(k)[>.
z€Td kE#0

Since |k|2 > 1 for k # 0, we obtain
d SO 2
YAk < 3 [Vul)P
k#0 z€Td
Using Parseval again gives
S u(@)? < Can? S [Vu(@),
zeTd zeTd

with Cy depending only on the dimension. Since extension to the torus does not increase
the right—hand side and the left—hand side restricts back to €2, the same inequality holds
on §Q itself. O
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COROLLARY A.12 (Another Poincaré inequality). Let X € Z%. Any function u
with zero mean satisfies

[ull1 < /CalX|diam X || Vufo.

PRrROOF. Use Cauchy-Schwarz to get |lu|l1 < +/|X]||u|l2. The result follows from
Theorem A.11. (If X is not a box, it can be embedded in a box of size diam X.) O

A.6. About convex functions

Here is a simple result about convex functions on R¥. It is useful to approximate
an infinite-volume Gibbs state by a finite-volume one.

ProPOSITION A.13 (Exact matching of subgradients under a unique supporting
hyperplane). Let fo,f : R — (—o0,400] be proper, lower semicontinuous,
convex and equi—coercive. Assume that f, — [ pointwise on a dense subset of

R? (equivalently, f, I f).
Let © € R? and suppose that there exists p € Of (x) such that

() argmin cgaf(y) — (p,y) = {=}.
Then there exists a sequence x, — x such that p € Jf,(xy,) for alln € N.
In particular, p € Of () N Ofn(xy) for all n, z, — .

PROOF. Fix p € 0f(z) satisfying (*) and define the tilted functionals

9n(y) = fuly) = (2:v),  9(y) = f(y) — (v, y). (A27)
Since subtraction of a continuous linear functional preserves I'-convergence, we have
r
gn — 9. (A.28)

Because p € df(x), we have 0 € dg(z), so  is a minimiser of g. By assumption (%),
this minimiser is in fact unique:

argmin g = {x}. (A.29)

Equi-coercivity of (f,) implies equi-coercivity of (g,), hence each g, admits at least
one minimiser. By the fundamental stability result for minimisers under I'-convergence,
there exist minimisers x,, € argmin g,, such that z,, — x.

For each n, the minimality of x,, yields

0¢€ agn(xn) = afn(xn) - D, (A.30)

so p € Ofp(zy) for all n.
Since p € 9f(x) by construction, we obtain

p € 0f(x)NIfn(xy) forall n, x, — z, (A.31)

which is the desired conclusion. OJ
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A.7. Infinite-volume limits

The following lemma is key to proving the existence of the infinite-volume limit of
the free energy. Think of as as the free energy in domain A.

LEMMA A.14. Assume that (ap)pezd is a set-indeved sequence of real numbers
that satisfies

e translation invariance: aprqy = ap for all A € Z% and all x € Z%;
o bulk property: there exists a constant ¢ such that for any k and any
mutually disjoint A, ..., A, € Z%, we have

)G’Ufl ZaA‘<cZ|81A\

Then there exists A € R such that

ay,
A=

along any van Hove sequence (A,) of domains in Z°.

PROOF. Let By = {1,...,2¥}% the box of size 2¥. We have for any k < m that
‘aBm — 2(m_k)da3k‘ < c2m=k)d oq . ok(d=1) (A.32)
Indeed, 2(m=k)4 ig the number of translates of By, whose union is B,,, and 2d - 2k(@—1)

is the cardinality of 9 Bx. Then
aBrn a’Bk

Bl ~ Bl =

c2d - 27k, (A.33)

It follows that (‘ B, |) is a Cauchy sequence; let A denote its limit. There remains to
verify that all van Hove sequences converge to the same limit.

For given k, consider the tiling of Z¢ with boxes of the form By, + z, z € (2¥Z).
Given A € Z4, let 3(A) = {z € (QkZ)d : B+ 2z C A}, and let

= A\ U.e;0) (Br + 2). (A.34)
We have the properties
2H3(A)] + A = [A];
|A/’ < de‘alA‘§ (A.35)
< |0 N| + ¢|3(A)|2d - 2D,

lan = an = [3(4)as,

Consequently,
an _ ap, | _ lan| ’\3 Bk _ | las. | R 13(A)[2%
— — + c2d -2~ (A.36)
Al Bl [A] Al Bk !A\ Al
=[|A’1/1A <1

We also have |ays| < ¢/|A’| (one can take ¢’ = |agoy|(1 + 2dc)).
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We apply the above inequality to a van Hove sequence (A,). The right side is as
small as we want by first taking k large enough and then n large enough. O

A.8. Proof of the quantum Pinsker inequality

This section is devoted to the proof of Lemma 6.3 (quantum Pinsker’s inequality).
It relies on the convexity of the relative entropy, which can be proved using Lieb’s con-
cavity theorem, and on a clever path that allows to use the classical Pinsker inequality
for Bernoulli variables.

LEMMA A.15. Let a,b,h € M, such that a,b > 0, [a,b] = 0, and h = h*.
Assume that (Z ’g) > 0. Then h < al/?b1/2,

PROOF. Let u,v € C" such that ||u|| = ||v|| = 1 and define z = a~'/2u, y = b= /0.
Then, with 0 the zero vector in C™, we have

0< (a;* 0*) (a h) (a: O) _ (m*a:c a:*hy) _ ( 1 u*a‘l/th_l/Qv)
=\0* y*/\h b/\0 y y*hx y*hy v*b 1 2ha 12y 1 '
(A.37)
The latter is a 2 x 2 matrix; its determinant is nonnegative so that |u*a="/2hb=/?v| < 1.
This implies that ||a='/2hb~1/2|| < 1. Next one can check that a~1/4b=1/*ha=1/4p~1/4
has the same eigenvalues as a~'/2hb~1/2 (if v is eigenvector of the first matrix, then
a~Y4b' /%y is eigenvector of the second matrix with the same eigenvalue). Then

a4 VA ha= Y414 < 1, (A.38)
and, since this matrix is hermitian, we have

a Y4y VA 414 < q — h<a Y212 (A.39)

THEOREM A.16 (Lieb’s concavity). Let ay,az,b1,b2 > 0 be n x n complex ma-
trices and let o € [0,1]. Then

(a1+ a2)® ® (b1 +b2)' ™ > af ® b7 + a ® by “.
1 2

PROOF. Let 2(a) = a§ @ b, %, y(a) = a§ @by %, z(a) = (a1 +az)® @ (by + by)' 2.
We need to show that z(a) > x(a) + y(«) for all @ € [0,1]. It is actually enough to
show this in a dense subset since all expressions are continuous in «. This clearly holds

for o € {0,1}. We now show that if it holds for « and 3, then it also holds for %

We have x(aTJrB) = z(a)'2z(8)'/?, and the same relations for y and z. Then

x(o (o8 (o) 1/2
<x<§;%> ) )> B <Eﬁ§/> (s(e)* 2(8)'"%) 2 0. (o)
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The latter inequality holds quite generally, only using that x(«) is hermitian. We have
a similar inequality for y. Then

0< < z(a) m(aéﬂ)>+< y(a) y(#)) < ( (Mﬁz(a) x(agﬁ)er("‘;ﬂ))'
x y 2(258

(*3%) () (*5%)  w(B) ) +u(*37) B

A4l

The second holds because the difference is equal to (Z(a)fx(oa)*y(a) z(,@)—x(oﬁ)—y(ﬁ) ), which
is nonnegative by assumption. We now use Lemma A.15 and we get

x(#) + y(o%/j) < Z(O‘)l/QZ(ﬂ)l/g = Z(QT—%) (A.42)

We can start with o« = 0 and 8 = 1 and iterate the inequality, so it applies to all

multiples of 27% for arbitrary k; this set is dense in [0, 1]. O

COROLLARY A.17. Let aq,as,b1,bo > 0 be n X n complex matrices and let
a €(0,1]. Then

Tr ((a1 + az)®(by + b2)'™*) > Tr (afby~) + Tr (a3by ).

PRrROOF. We use the following correspondence between M,, and C" @ C™:

n n
Tra™b= Y aibiy= Y (il @il (a®b)[5) ). (A.43)
,j=1 3,j=1
This allows to use Theorem A.16. O

We now introduce the relative entropy. It is usually applied to density matrices
but it helps to define it more generally on all positive-definite matrices. One can check
that it is always nonnegative; we allow the value +oc.

DEFINITION A.18. The relative entropy S(:|-) is the following function of
two positive-definite matrices a,b € My:

S(allb) = Tra(loga — logb).

LEMMA A.19. We have for all a,b > 0 that
S(allb) = lim i(Tra— Tra' ©b°).

e—0+

PROOF. Let f(g) = Tra'=¢b. The right side is the derivative — f’(0) which is equal
to S(alb). O

THEOREM A.20 (Joint convexity of the relative entropy). If ai,ag,b1,bo > 0
are complex matrices in M,,, then

S(a1 =4k GQHbl =4k bg) < S(alel) =4k S(CLQHbg).

Since S(Aal|Ab) = AS(a|b), the joint convexity of the relative entropy follows im-
mediately. And since the entropy is equal to S(a) = S(a||1), it is convex too.
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PRrROOF. Starting with Lemma A.19, and using Corollary A.17, we have

S(a1 + azl|by + b2) = 1_i>%l+ 1 (Tl" (a1 + az) — Tr (a1 + az)' (b + b2)5>
&€
< 61_i>%1+ 1 (Tr a1 — Tra; <65 + Trag — Tra%fslﬁ) (A.44)
= S(alﬂbl) + S(CLQHbg).
O
LEMMA A.21. Let U = diag (1, e Yoo e’ n (n=1) ) Then for any matriz a €
M,, we have
1 n—1
diaga = — FaUF.
iaga - Z UaU
k=0
PROOF. The element (¢, m) of the left side is equal to
1 nl 27 _ 27 1 = @k(ffm) age if £ = m,
— en " ayme n = —ay, en = o (A.45)
n kZ:O " n " ;_0 0 if £ £ m.
O

Let P = diag(1,...,1,0,...,0) with k elements equal to 1, where k € {1,...,n—1}.
We consider the map ® : M,, — M,, defined by

®(a) = diag (1Tt Pa... tTr Pa L. Tr(1— Pla... 1 Tr (1 — P)a). (A.46)

~
k elements n—k elements

The image ®(a) is a simple matrix with just two values.

LEMMA A.22. There exists a finite number L and unitary matrices Uy, ..., Uy
such that
1L
®(a) = 7 > _ Upaly"
=1
PROOF. If a is diagonal we can consider the permutation (1,...,k)(k+1,...,n)

and its permutation matrix V. Then ®(a) = k(nl_k) lgg_k) Vta V" Indeed, this

amounts to average over diagonal matrices where the first k elements of a have been
rotated, as well as the last n — k elements.
For the general case we combine this with Lemma A.21 to get

k(n—k:) n—1
_ 1 Lrrm —myy—4
@(a)_nk(n_k) ; n;)VU aU™my ¢, (A.47)

We can now prove the quantum Pinsker inequality.
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PRrROOF OF LEMMA 6.3. Let P be the projector onto the subspace of the eigenvec-
tors of p — o with nonnegative eigenvalues and let ® be the map defined in Eq. (A.46).
By Lemma A.22 and the convexity of the relative entropy (Theorem A.20), we obtain
that

S(pllo) = S(2(p)]|®(c)). (A.48)
The latter is equal to the classical relative entropy of two Bernoulli random variables
with parameters Tr Pp and Tr Po. Using the classical Pinsker inequality (see Exercise
A.1), we get that it is greater than

2

(|Tr Pp— Tr Po| + |Tr (1 — P)p — Tr (1 — P)o|)” = 3|lp — o3 (A.49)
The last identity uses the fact that P is the projector onto the suitable eigensubspace
of p—o. O

We consider one more proposition, that gives the partial trace as a convex combina-
tion of unitary operations. It can be combined with Theorem A.20 to give inequalities
involving the (relative) entropy in different domains.

PrOPOSITION A.23. Let Tr; denote the partial trace with respect to the first
space of H1 ®@Hza; on operators of the form a®b, we have that Tria®b = (Tra)b
1s an operator on Ho. Then there exist unitary matrices Uy, ...,Ur, on Hi Q@ Ho
such that

L
1 —1
Tria = I ;1 UpaU, .

This can be proved as in Lemma A.22 with unitary matrices on H; tensored with
the identity.

EXERCISE A.1. Prove the classical Pinsker inequality in the case of Bernoulli ran-
dom variables.
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