CHAPTER 3

Equilibrium States

3.1. States for finite systems

We start by describing states for finite systems, i.e. systems with finitely many sites.
Later we will consider states for infinite systems with no reference to a Hilbert space.
But for now we have a finite-dimensional Hilbert space H with an inner product (-,-)
and norm ||v|| = (v,v)'/2. We let B(#) be its space of bounded operators, i.e. the space
of linear maps A : H — H which have finite operator norm

| A[l = sup [[Av||/[Jv]]. (3.1)
vEH

An operator A € B(H) is called positive-semi-definite if it can be written A = B*B for
some B € B(H). One can show (using the spectral theorem) that this is equivalent to
(v, Av) > 0 for all v € H.
A state on H is a positive, normalised linear functional on B(H); that is, it is a
map (-) : B(H) — C that is
(i) linear: (sA+tB) = s(A)+ t(B) for all s,t € C and A, B € B(H);
(ii) positive: (A*A) > 0 for all A € B(H);
(iii) normalised: (1) = 1.
One can check that the operator norm ||(-)|| = supsep) [(4)|/[|All of any state (-)
is 1. It turns out that states on Hilbert spaces can be represented by density operators, a
very useful property. A density operator p is a trace-class (meaning that Tr |p| < o0)
positive-definite hermitian operator such that Tr p = 1. Given a density operator, there
corresponds the state
(Ay =TrpA. (3.2)

The converse is also true, that is, each state is represented by a density operator.

ProprosITION 3.1 (Riesz representation of states). Let (-) be a state on a
finite-dimensional Hilbert space H. Then there exists a unique density operator

p such that (A) = Tr pA for all A € B(H).

PRrROOF OF PROPOSITION 3.1. Let us introduce the Hilbert-Schmidt inner product
that turns B(H) into a Hilbert space:

(A,B)ps = Tr A*B. (3.3)

for all A, B € B(H). The standard Riesz representation theorem implies that B(H) is
self-dual, that is, every linear functional (-) : B(H) — C is represented by a unique
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34 3. EQUILIBRIUM STATES

operator p such that
(A) = (p, A)us = Trp*A. (3.4)

for all A € B(H). We check that if (-) is a state, then p is a density operator. We have
for all ¢ € H with ||¢|| =1 that

(p,p*p) =Tr Pyp* = (P,) = <P£> > 0. (3.5)
(Here, P, denotes the projector onto ¢.) Then p* is positive-definite; it is therefore
hermitian (Exercise 3.1) so p > 0 as well. Finally, Trp = Trpl = (1) = 1. O

Note that the “Gibbs state” (A)pgn = ZAlﬁhTrAe_BHA’h of (1.39) is indeed a

state in the sense of the definition above (the Hilbert space H, is finite-dimensional).
The only condition which may not be obvious is the positivity, see Exercise 3.5.

The set of states is conver: If (-)1,(-)2 are two states, the convex combination
t(-)1 + (1 —¢)(-)2 is also a state for all £ € [0,1]. A state is mixed if it can be written
as a convex combination of distinct states. A state is pure if it is not mixed; in other
words, pure states are the extremal points of the convex set of states.

Given ¢ € H with ||¢|| = 1, the corresponding projector P, = [¢)(1| is a special
case of a density operator, hence it gives a state. It is perhaps expected that this state
is pure, and that all pure states are represented by projectors.

PROPOSITION 3.2. A state is pure if and only if its density operator is equal to
P, for some ¢ € H.

(That ||¢|| = 1 follows from the properties of states.)

PROOF. The density operator p of the state is hermitian and it can be written as

n
p=> APy, (3.6)
=1

where the ;s form an orthonormal basis of eigenvectors. This can be viewed as a convex
combination of density operators. This shows that if p is not equal to a projector, then
the corresponding state is mixed.

It remains to show that if p = P, is a projector, then the state is pure. Assume
that (-) = ¢(-)1 + (1 — t)(-)2 with ¢ € (0,1). By Proposition 3.1, there exist density
matrices p1, po such that (-); = Tr p;- for i = 1,2. Then

Py, =tp1 4+ (1 —1t)pa. (3.7)
We have
1=Trp="TrP,=TrP2="TrPy(tp1 + (1 —t)p2)
=t{p,p10) + (L = t) (g, p2p) <t + (1 —1) = 1.

In the last inequality we used that for any density matrix p and any vector ¢, we have
that (p, pp) < ||o||? as can easily be checked. Equality holds here only if p is the
projector onto the subspace spanned by ¢. Since equality must hold for both p; and
p2 in (3.8), we conclude that p; = ps = P, = p as claimed. O

(3.8)
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3.2. Gibbs states in Hilbert spaces

We now discuss equilibrium (or Gibbs) states in the context of a Hilbert space H.
The main example is H = Hp. Let H = H* € B(H) be a Hermitian operator, which
we call a Hamiltonian. Since it is Hermitian, H has only real eigenvalues. For 8 > 0,
we define the Gibbs state with Hamiltonian H (at inverse temperature 3) as the state
(-)m,p with density matrix

1
p = —e_BH, Zg="Tr e PH (3.9)
Zs
Explicitly,
1
(A pp = —TrAePH. (3.10)
El Z/@

The normalizing factor Zg is called the partition function. The Gibbs state arises
through the following four characterizations. Each of the four characterizations car-
ries over to infinite systems, with suitable adjustements, as will be discussed in later
sections.

PROPOSITION 3.3. The Gibbs state (-)m p is the unique state (-) = Tr - p satis-
fying any of the following four conditions:

(a) Tangent condition: Let Fg(H) := —% log Tr e 5 . Then
Fg(H + A) < Fg(H) + (4)

for all A= A* € B(H).
(b) Gibbs variational principle: The density matriz p minimizes the func-

tion

Fs(p) :=TrHp+ %Trplog p.
(¢) KMS condition: Define the time evolution
a(A) = el A e=ith t e C. (3.11)
Then
(AB) = (B ais(A))

for all A, B € B(H).
(d) RAS condition: For all A € B(H) such that (AA*) >0,
(4*A)
(AA4%)

1
(A*[H, A]) > B<A*A> log (3.12)

The first two conditions are common also in classical statistical mechanics, while

the last two are mainly encountered for quantum systems. Regarding the tangent

condition, one can prove that

PROPOSITION 3.4. The free energy Fg is a concave function: Fg(0H + (1 —
0)K) > 0Fs(H) + (1 — 0)Fg(K) for 6 € [0,1].

This follows from the Golden—Thompson and Hélder inequalities. The tangent
condition may be interpreted geometrically as saying that (-) defines a supporting
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hyperplane at H. Note also that Fg(H + sA) is differentiable in s for any A and that
%Fﬁ([{ + SA)‘SZO = (A), so the hyperplane at H is indeed the Gibbs state.

In the variational principle, the expression to be minimized may be written as
U — TS where U = Tr Hp is the energy and S = —Tr plog p the entropy in the state
p (and T = % is the temperature). This form is common in thermodynamics. The
condition also extends naturally to the ground state (zero temperature) case 5 = oo,
where the problem becomes to minimize Tr Hp. It is not hard to see that this is
achieved by any density matrix p which is restricted to the eigenspace for H with
lowest eigenvalue. We can write this as p < Ppg, where Pg, is the projector onto the
latter eigenspace.

In the KMS condition (named after Kubo, Martin and Schwinger) the evolution
operators oy, t € R, are related to the Heisenberg framework of quantum mechanics.
Note that we need to allow complex values of the ‘time’ parameter t.

Finally, the RAS condition (named after Roepstorff, Araki and Sewell) also ex-
tends straightforwardly to the ground state § = oo, where the condition becomes
(A*[H, A]) > 0. The intuition becomes clearer if we take (-) to be a pure state with
density matrix p = |¢)(¢| with |¢) a unit eigenvector for H satisfying H|p) = e|®).
The condition becomes

, . (Aoll40)
~ (AglAg)
In the right-hand-side, |A¢) is a perturbation of |¢), and the condition says that the av-
erage energy in the pure state associated with |A¢) is higher than in the state associated
with |¢).

We prove part (c) of Proposition 3.3 here, leaving the other parts for the exercises.

PROOF OF PROPOSITION 3.3(C). If p = e P /Z4, then using the cyclicity of the
trace

1 1 1
(AB) = —Tr e PHAB = —TrBe Pl A= _Tr e PH B(e P AP
7 7 Z 313
B B B (3.13)
— (Bays(A)).
So the Gibbs state is indeed a solution.

Next, let p be the density matrix of a state that satisfies the KMS condition. We
have for all A, B € B(H),

Tr (pA)B = TrpB(e PH APH ) = Tr (e PH AePH p)B. (3.14)

Since this holds for all B € B(H) (including B = |i)(j| for an orthonormal basis), we
have that

pA = e PH APH ) (3.15)
for all A € B(H). Choosing A = eP# we get e p = pePH | so p commutes with e

Now observe that (3.15) implies that pe®f commutes with all A € B(#). Then pe’H
is proportional to the identity and p must be equal to the Gibbs operator. U
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3.3. Infinite volume Gibbs states

The goal of statistical mechanics is to describe the “bulk properties” of the system,
far away from its boundaries. The large system is approximated by an infinite regular
graph, the “lattice”. For simplicity we consider Z¢, although all of the setting and
many of the properties hold more generally. For an infinite system one cannot define
equilibrium states using a density matrix, instead we proceed using appropriate analogs
of the properties in Proposition 3.3 to define them. To prepare for this, we need some
definitions.

At each site € Z% is associated a Hilbert space H,. We write n = dim #,, which
we assume to be finite and independent of x. For X & Z% we let Hx = Rzrex Hy and we
let Ax = B(Hx) denote the algebra of bounded linear operators on Hy. We consider
two norms on Ax. First, the usual operator norm [|A|| = sup,ecq . [|A¢l/[l¢]l. Second,

the Hilbert-Schmidt norm ||A]|2 = V'tr A* A, where tr denotes the normalised trace

1 1
trA = mTI‘A = WT{' A. (3.16)

If X CY € Z% there is a natural injection ¢ : Ax — Ay defined by
tA=A® Iy x. (3.17)

Notice that |[¢A]| = ||A|| (Exercise 3.2) and ||¢A|l2 = ||Al|2 (because of the normalised
trace). Then we can view Ay as a subalgebra of Ay. We define the algebra of local
observables as the inductive union

-Aloc: \/ -AX- (3.18)

Xezd

If A€ Ay, then there exists X € Z¢ such that A € Ay. Finally, we let A denote the
completion of Aj,. with respect to the operator norm; this is the algebra of quasi-local
observables. We also let Ay, denote the algebra of hermitian quasi-local operators.

From the definition of A above we see that a local operator can be represented by
several distinct elements, since A € Ax has a counterpart ¢(A) € Ay forall Y D X. If
we define a map « on operators A € Ay, simultaneously for all X € Z%, we need to
check that it is consistent, namely that a(A) = a(c(A)).

We denote by 7, the lattice translation by @ € Z¢. The action of 7, is intuitive but
let us define it formally. First we view 7, as a linear map between Hx and Hxy, for
any X € Z% such that

To QueXx Py = QyeXPy+a (3.19)
for any set of vectors (¢, ) in Ho. This extends by linearity to all vectors of H x. Notice
that 7, ! = 7_,. Then we define 7, as the linear map Ay — Ax., whose action on
the local observable A € Ax is

(T2 A)p = TxA(T;1¢), Vo € Hx4z- (3.20)

We dismiss the tilde from now on and we write 7, for translations of vectors and of
operators. Notice that for any A € Ax_, and B € Ax we have

(e A)B = 7o(A(7; ' B)), (3.21)
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indeed for ¢ € Hx
[re(A(7; ' B))l = o A7, ' B)ry o = T ATy ' By ) = [(70A) Bl (3.22)

An interaction is a collection of local self-adjoint observables indexed by finite
subsets, ® = (Px)yeze. We only consider translation-invariant interactions, i.e. we
assume that ®x,, = 7, Px for all X &€ Z¢% and all z € Z%. Interactions form a (real)
linear space and we consider the following norms:

o]
L EDIE

X320

(3.23)
[@f =Y "X &k forr>o0.
X>0
We denote by Z and Z, the corresponding Banach spaces of interactions.
The hamiltonian in a finite domain A € Z¢ is
Hj{) = Z . (3.24)

XCA

In the finite domain A € Z% the Gibbs state for the interaction ®, at inverse tem-
perature 3, is defined as before: it is the linear functional (-)$ 5+ Ax — C given by

1

. _TrAePHX , (3.25)
Z78(®)

(A)Rs =
where Z) 5(®) = Tr e PHY .

We want to extend this notion to the infinite lattice Z?¢. There is no hamiltonian on
the infinite lattice. In fact, we also avoid the Hilbert space for Z¢ since it would be an
infinite tensor product and would not be separable; this would cause many pathologies.
The way out is to extend the linear functionals from A to A, the space of quasi-local
observables.

DEFINITION 3.5. A state () is a normalised, positive linear functional on A.
That is, () satisfies
(i) (sA+tB) =s(A) +t(B) for all A,B € A and s,t € C.
(i) (1) = 1.
(iii) (A*A) >0 for all A € A.
We write € for the set of states. A state is called translation-invariant if
(A) = (1, A) for all x € Z2.

All states have norm 1 (Exercise 3.2).
In the following subsections, we summarise the definitions for equilibrium states in
Z%, and how they are related.

3.3.1. Gibbs states as cluster points. The first notion of infinite-volume Gibbs
states is to simply define them as limits of finite-volume Gibbs states. By the Banach—
Alaoglu theorem the set of states is compact in the weak-* topology (that is, the
topology of pointwise convergence of linear functionals). In plain words, this means
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that from any sequence of states ((-),), we can extract a subsequence (ny) such that
(A)p, converges for any A € A.

DEFINITION 3.6 (Gibbs state as cluster point). Let ® € Z, and let ¥,, be a
sequence of interactions in I such that ||¥,|| — 0 as n — oco. Let A, =

{—n,...,n} and for A € Ay, let
1

A =
(A0 Zp,,8(2 + Up)

The cluster points of the sequence (()fﬂ g)n>1 are infinite-volume Gibbs states
for the interaction ®.

4T
HAn "

TrAe”

While useful in many concrete situations, the set of cluster-points lacks relevant
mathematical properties. For this reason, we consider four other definitions which are
analogs of the properties in Proposition 3.3.

3.3.2. Gibbs states as tangent functionals. The finite-volume free energy
in the domain A € Z? is defined as the following function of interactions:

fA(cI)a 6) =

1 ®
———logtr e PHY (3.26)
BIA]
Notice the use the normalised trace tr, see (3.16). This is convenient for the connection
to the variational principle.)

PROPOSITION 3.7.

(a) The free energy fa is a concave function of the interactions.
(b) (fa)reza are equicontinuous: for any ®, 9" € T we have

|fa(@, 8) — fa(¥', B)] < | — @']].

PROOF. (a) follows from Proposition 3.4.
(b) We use that for any hermitian matrices A, B we have

Tr A~ 115l <Tr eAtB <Tr eATIBI (3.27)
With A= —BHY and B = BH} — BHEI we easily get that
|fa(®,8) = fa(®, B)] <y HY — HY || (329)
Finally,
1Y — HY' | < > [@x = Dl D mylyex
XCA yeEA
1
. . - (3.29)
S e — @ Txen
yeA Xy
< [Alf|® — @.
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DEFINITION 3.8. A sequence of finite domains (Ay)n>1 converges to Z% in the
sense of van Hove if

(i) it is increasing: Apy1 D Ay for all n;
(i) it invades Z¢: Up>1An = Z4;
(iii) the ratio boundary/bulk vanishes: |‘Tj\/:|‘| — 0 asn — oo, Vr.
Here, the r-boundary is 0, A = {x € A°: dist(z,A) <r}.

We now state one of the major results in statistical mechanics, namely the existence
of the infinite volume free energy.

THEOREM 3.9. Assume that ® € Z, i.e. |®| < co. Then the limit
f(®,8) := lim fy,(®,5)
n—oo

exists and is the same along all van Hove sequences A, {+ Z%. It is a concave
function of the interactions.

PrOOF. We prove the theorem for ® € 7y C Z. It is enough, because of Proposition
3.7 (b) and of the Arzola-Ascoli theorem.

We check that |A| fo(®,3) meets the conditions of Lemma A.13. If A € Z% is the
disjoint union of A;, ..., Ay, we have

k
HY = Z H,i. + B, (3.30)
i=1

where B is the sum of all ®x where X C A but X ¢ A; for any i. Then

k k
IBI<Y . > lexl <) l1@lolorAil. (3:31)
i=1

=1 XﬂAZ#@
X¢ZA;
Using (3.27) we easily get that
k k
]rA|fA(<I>,6> - Z\Airm@,ﬁ)] <ollo > |1, (3.32)
i=1 i=1
The result then follows from Lemma A.13, taking ay = |A| fa (D, 5). O

We use the infinite-volume free energy to define infinite-volume states. The defini-
tion is restricted to translation-invariant states. Let us introduce

1
Ay = Z m\lfx. (3.33)
X350

Notice that [[Ag| < [V
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DEFINITION 3.10 (Gibbs states as tangent functionals). A translation-invariant
state (-) on A is an equilibrium state for the interaction ® € Z, in the sense of
tangent functionals to the free energy, if

f(@+¥) < f(®) + (Aw)
for all ¥ e T.

To motivate the use of Ay, note from Proposition 3.3 that (-) = (~)X3 satisfies
FA(@+ W, 8) < fa(@,8) + (i HX)- (3:30)

For a translation-invariant state (-) we have <ﬁH}{’> = (Ay).

We denote by G the set of translation invariant states on A that are tangent to
the free energy at ® in the sense that they satisfy Definition 3.10. This definition is
more general than that of states as cluster points:

PROPOSITION 3.11. Any translation-invariant cluster state for ® (Definition
3.6) is tangent to the free energy at ® (i.e. satisfies Definition 3.10).

3.3.3. The variational definition of Gibbs states. We now introduce the en-
tropy of states on the quasi-local observables A. This is a function on finite subsets
of Z%, that are defined using the von Neumann entropy of the corresponding density
matrices.

Recall that we defined the von Neumann entropy S(p) of a density matrix p by
S(p) = —Trplogp. If (A\;)i>1 are the eigenvalues of p, then S(p) = — >, A\ilog A;. The
formula also applies when some eigenvalues are 0, using 0log0 = 0, and it applies to
all positive semi-definite matrices, not only density matrices.

Since we consider sequences A € Z?, it is important to note that the trace Tr
actually depends on A, so we write here Tr 5. For example, the trace of the identity
operator 1 depends on which Hp we view it as acting on: Tr A1 = dim H,. For this
reason, we instead use the normalized trace tr = MTr A, introduced in (3.16).
Then for A € Ay, the trace tr A does not depend on which H we view it as acting
on. With respect to the normalized trace, a density matrix is positive semi-definite and
satisfies trp = 1, so (if p € Ap) Trpp = dim Hj.

For notational convenience, here we write p rather than (-) for states. Let p be a
state on A. For A € Z%, we let pp be the density matrix (with respect to normalized
trace) of the restriction of p to Ax. We define the entropy in A € Z¢ to be

sa(p) = —tr pp log pa. (3.35)
Note that sp(p) = SA(ﬁpA) — log(dim #H, ), where Sp(A) = —TrpyAlog A is the
usual von Neumann entropy in A and ﬁp/\ is a density matrix with respect to
TrA.

For a translation-invariant state p we can define the infinite-volume mean (or spe-
cific) entropy by

1
s(p) = lim —sp(p). (3.36)
Al
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PROPOSITION 3.12. Let p be a translation-invariant state on A.

(a) The limit (3.36) exists along any van Hove sequence of domains and
is the same along all such sequences.
(b) The functional s is affine: s(tp+ (1 —t)p’) =ts(p) + (1 —t)s(p’).

Let p be a translation-invariant state on .A. We define the infinite-volume free
energy functional by

7% (p) = p(As) — §s(p), (3.87)
where Ap =) x5 ﬁ@x is defined in (3.33). We have that f%®(p) is affine in ® and
in p.

Recall that f(®, 3) = —limpza ﬁ log tr e PHX s the free energy density. While
f(®, ) is a function of the interaction @, the functional f 5.2 (p) depends also on a state
p

DEFINITION 3.13. Let p be a translation-invariant state on A. Then it is called
a Gibbs state for the interacton @, in the variational sense, if it is a minimizer
of f2®(-) over all translation-invariant states.

The following result explains the connection between the free energy f(/3,®) and
the free energy functional f%®(-), and establishes the equivalence of the definitions of
Gibbs states in terms of tangent functionals and the variational problem:

THEOREM 3.14 (Gibbs variational principle, infinite volume).
(a) The free energy is equal to the minimum of the free energy functional:

D 3,0
f(B@)—pé%fi_f (p).

The infimum is over all infinite-volume translation-invariant states on
A.

(b) The minimisers are Gibbs states: If p is a translation-invariant state,
then

f(B,@)=f*%(p) <= [(B,2+T)<[(B,2)+p(Ay) VUL

3.3.4. The KMS definition of Gibbs states. We now turn to the KMS defi-
nition of equilibrium states. An advantage of this definition is that, unlike the tangent
and variational definitions, it is not restricted to translation-invariant states. But the
interaction belongs to the smaller space Z, for some r > 0.

Given an interaction ® € Z. we consider the family of evolution operators a%,u

with ¢t € C and A € Z%, that acts on local operators of Ay as in (3.11):
a%t(A) = etHX 4o itHY (3.38)

To prove the existence of the infinite-volume limit of a}{i +» we proceed along the following
steps:
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(1) For |t| < M, we show that (Oéiyt)/\@zd is Cauchy for each fixed A € Ajp.. We
denote the limit o (A).

(2) For t € R, we have ||af7t(A)|| = ||A|| for all A, so [[af| = 1.

(3) We use the group property to extend a; to the whole real line.

For the infinite-volume limit, the notation A, 1 Z¢ means that A,, € Z%, A,, C Apy1,
and U,A, = Z¢ (we do not need the ration boundary/bulk to go to 0 here). If the
limit along each diverging sequence (A,) exists, then the limit is the same along any
sequence (Exercise 3.15).

LEMMA 3.15. Assume that ® € Z, for some r > 0 and that t € C with |t| <

2||<71;Hr' Then (a% ;) acza is a Cauchy sequence for each fized A € Ajoc.

We need the multicommutator (“Lie-Schwinger”) expansion. Let ada(B) = [A, B]
denote the “adjoint endomorphism”.

LEMMA 3.16 (Lie-Schwinger multicommutator expansion). Let A and B be two
operators on the same finite-dimensional Hilbert space. Then

_ 1
e"Be ™ = ZaadA(B).

n>0

PrOOF. We show that e*4 Be 4 and Y, %adZ(B) satisfy the same differential
equation. First,

d

o e Be 4 = [A, e*  Be 4], (3.39)
Second,
d n n—1
& Z %a Z(B) = Z hadfx( dn 1 ) = |:A Z adn ] (3.40)
n>0 n>1 ) n>0 n!

0

PROOF OF LEMMA 3.15. Let A € By for some Y € Z?. We show that (a$ ,(4))xeza
is Cauchy. By Lemma 3.16, we have

o ()= 3 Wlan, (a)

n!
(3.41)

; > [@x [Px s [0, AL
n>0  X1,.,Xp,CA
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We show that this series converges absolutely for small [¢|. In order for the commutators
to differ from zero, the sets must satisfy

XiNY #0,
Xgﬂ(XlUY)?éq),

(3.42)

X, N(XjU---UX,1UY) #0.

The sum over such sets can be realised by first summing over sets that contain the
origin, then by summing over translations so that (3.42) is satisfied. One needs to
divide by the cardinality of the set in order not to over-count. Then

o=y 10y (H <)

n>0 X1,..,Xn30 Vi=1

Z 25 [(I)Xn—1+xn—17 [Py AL

Tl T €LY
X4z, CA Vi

(3.43)

For given Xi,...,X,, there are no more than

|Y| - | X1| possible choices for 1,

(Y|4 |X1] — 1) - | X2| possible choices for zs,
(3.44)

(Y|4 | X1+ -+ |Xn-1| — (n — 1)) - | Xy| possible choices for z,.
We get

Z (ﬁ‘XlZ|> Z [(I)XnJra:nv--‘[(I)X1+x17A]"']H

HXl,...,Xn =1 T1,...3Tn

n
X1,..,Xn20 i=1

< | A]["Y n! (M)n
T

We used ¢" < nlr~"e", which is obvious from the Taylor series of €¢"¢. The factor 2"
is due to the n commutators. It follows that a%’t(A) is absolutely convergent whenever
t| < srer if ||@]|» < co. Notice the bound

2Tl
2)|®||,\
o ()] < g e (1 212y ™ a0
for all A € Ay. It is uniform in A but not in Y.
If A’ 5 A, we have
(it)"
ab(A) —af (4) =) ;" S [@x [Px, s [P, AL (3.47)

n>0  X1,..,XnY
UX;ZA
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The second sum is over sets in A’ that satisfy the constraint (3.42) and whose union
is not contained in A. For small [¢], it follows from the absolute convergence of the
series that (3.47) is as small as we want by taking A large enough, uniformly in A’ D A.
Hence (ait(A)) A is Cauchy. O

THEOREM 3.17 (Infinite-volume limit of the evolution operator).
Let ® € I, for some r > 0. There exists a family of *-automorphisms of on A
such that
(a) lim, a?{mt(A) = af(A) along any sequence A, 1 Z4, for any t € R,
and for any A € Apoc.-
(b) ||| =1 for any t € R.
(c) It satisfies the group property

aert(A) =a? (a?(A)) forall Ae A, s, t eR.

In case clarification is needed, a;f is an homomorphism in the sense that it is linear
and af (AB) = af (A)a®(B). It is an automorphism since it is also a bijection, and a
x-automorphism since af (A)* = af (A*) when ¢ is real.

PROOF. It is convenient to extend O‘i,t to the whole of A. Namely, for A € A}, of
the form A = B® C with B € Aj and C € A" we define

a?\”t(A) = X Be it g C. (3.48)

The norm of the extension is still 1, so oﬁ’y can be extended to the whole of A.
For ¢ small (prec1sely t] < 2”(13” ) we can use Lemma 3.15 and define o to be the

pointwise limit of aAyt. Now let t,t1,...,t, € Rsuch that ¢t = )", ¢; and |t;] < 2||<I>|| for
1=1,...,k. We have
k
@ P @ @ @
Qpg Oy (A) — oy o oztl Za/\tk : ozAt —ozt]_)o...oztl(A). (3.49)
Then
@ @ @ @
}laA,tk O"'aA,t1(A) —Oétk . Oétl ZHO‘At Oéth ||A” (3.50)
Then
lim o} (A) = ai o---oaf(A), (3.51)
n—00 n

and this holds for any small ¢1,...,t; that add up to ¢t. This establishes the infinite-
volume limit and the group property at the same time. The right side does not depend
on the choice of the t;s. We then define o by the above limit. O

1t X c 2% and |X| = oo, we define Ax to be the completion of the space of local observables with
support in X.
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In order to state the KMS condition for infinite volume states, we rely on complex
analysis to extend the definition of af from ¢ € R to ¢ € C. More precisely, we rely on
an extension of complex analysis that involves maps from C to an algebra of bounded
operators. Convergent series can be defined in the same way, so the notion of analytic
functions and their extensions still makes sense.

Consider a function f € C°(R), the space of smooth functions R — C with compact

support, and set
N 1 .
fo)= o= [ @ e, zec 652

Then f is analytic in the whole complex plane (it is “entire”). Given A € A and
feC&(R), let

Ar = / f@ at (3.53)
Then A = {A; : A € A f € CX(R)} is a dense subspace of A (sometimes called
Paley-Wiener operators). For Ay € A and z € C we define
P (Ap) = / Flt — 2)a®(A)dt. (50
R

Thus ol (Af) = Ay, € A, where f, € C2°(R) is the function given by f,(t) = e 1 f(¢).
Note that (f2)w = f24w. To summarize:

PROPOSITION 3.18. With the definition (3.54), a® maps A to A and satisfies

the group property af o o = a2, for all z,w € C.

DEFINITION 3.19. We say that the state (-) on A satisfies the KMS condition
for the interaction ® € I, at inverse temperature B if for all A € A and all
B € A, we have

(AB) = <Ba%(A)>. (3.55)
Equivalently, we have for all A, B € A, and all functions f such that fe cee,
that
/ F(#)(a®(A)B)dt = / F(t — i) (B a®(A))dt. _
R R

We write G2 for the set of states satisfying the KMS-condition for ® at inverse
8 ymng

temperature 5. Notice that the states () € Qg’ are not assumed to be translation-
invariant (even though the interaction @ is). For translation-invariant states, the three
definitions agree:

PROPOSITION 3.20. Let (-) be a translation-invariant state on A. Then (-)
satisfies the KMS-condition if and only if it satisfies the tangent- and variational
definitions.

Let S denote the strip S = {z € C: 0 <Imz < f} in the complex plane. Another
common formulation of the KMS condition is the following;:
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PRrROPOSITION 3.21. A state (-) is a KMS state on A if and only if for each
A, B € A there is a continuous, bounded function F = Fap : Sg — C that is
analytic in the interior of the strip Sg and satisfies for all t € R that

(Aaf(B) =F(t),  (af (B)A) = F(t+if).

PROOF. First assume that () is a KMS state. If A € A and By € A, set Fap(2) =
(Aa2(By)). Then Fap ;+(2) is indeed analytic (indeed, entire) and it satisfies the first
identity by definition. As for the second identity, we have using (3.56) and the group

property:
Py (t+18) = (Aafly(Bp)) = [ 15—t =iB)(Aad(B)ds
= [ ru=iBaateEd = [ et B)d o)
= (ot ([ seusat <B>du)A> = {af (B))A).

This extends to arbitrary B € A by continuity. Indeed, if By, — B, then of (By,) —
af (B) and (Ao (By,)), (af (Bf,)A) converge. Further, the functions Fap,, (2) con-
verge by the Phragmén—Lindel6f theorem.

We now establish the other implication. If A € A and B € A, the function z —
(Aa2(B)) is entire. We have (A a2 (B)) = F4 p(z) for all z € R. The identity is then
also valid for z in the strip, so that

(Aaf(B)) = Fap(iB) = (BA). O

3.3.5. The RAS definition of Gibbs states. Finally, the RAS-condition ex-
tends straightforwardly from finite to infinite volume. We need the interaction ® to be
in Zy. Then, for each A € Z% and each A € Ay, we define

[H®, A] := Z [®x, Al (3.58)
Xezd

To check that the sum converges in norm, first note that

Z [Px, A Z \X| Z Pxya A Z X Z [(I)X—t—zaA] (3.59)

Xezd X30 z€eZd X30 z:(X+xz)NA
Then
IE®, ANl < 2141 )° 5 |X, 1@x |- 1XIA] =2 AIA] Y [@x]l < oo (@)
X320 X30

Here | X||A| is an upper bound for the number of x such that X + x intersects A.
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DEFINITION 3.22. A state (-) on A satisfies the RAS condition for the inter-
action ® € Iy and inverse temperature 3 if
(A~ A)

(A*[H®, A]) > (4% A) log o

~ B
for all A € Ay such that (AA*) > 0.

THEOREM 3.23. A state on A satisfies the RAS condition if and only if it
satisfies the KMS condition.

An advantage of the RAS-condition is that it gives a definition of ground-states by
taking 8 — oo:

DEFINITION 3.24. A state (-) on A is called a ground state for the interaction
e if

(A*[H® A >0
for all A € Aje.

3.4. Extremal Gibbs states

The goal now is to understand better the structure of the set of (translation invari-
ant) infinite-volume Gibbs states for a given interaction. We see in this section that it
is a convex set, that extremal points enjoy special properties, and that any Gibbs state
can be written as a convex combination of extremal states. It is remarkable that these
properties can be established in a large class of systems without identifying the actual
Gibbs states.

It is easy to see that if (), (-)® € & are two states, then the convex combination
YD+ (1=1¢)(-)®, t € [0,1], is also a state: the set € of states is convex. It is also not
hard to check that the set of equilibrium states gg’ and the set of translation-invariant
states g;?i., for a given interaction ® € Z, is convex. Indeed, the tangent functional

property, the variational principle, and the KMS and RAS conditions are all preserved
by taking convex combinations. Recall that & 2 g‘g D ggl?i,.

DEFINITION 3.25. An element x of a convex set X is called extremal if it
cannot be written as a convex combination tx + (1 —t)xg, t € (0,1), of distinct
elements x1,xo € X. In particular, this definition applies to elements of €, gg’
and gg’i,

Another relevant property of states is to have short-range correlations.
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DEFINITION 3.26. A state (-) is said to have short-range correlations if

lim su AB) — (AY(B)| = 0.
lim, sup |(AB) ~ (4)(5)
IBll=1
It is said to be mixing if for all A, B € A we have

lim ((Ar,B) — (A)(r,B)) = 0.

llz[|—oc0

Clearly short-range correlations implies mixing. For translation-invariant Gibbs
states we will see that they are actually equivalent. In the definition of short-range
correlations we may assume that the operators B are Hermitian: if the limit is 0 when
restricted to Hermitian B then, by considering B +iB’, it follows that the limit is 0 for
all B.

Finally we introduce a notion that is reminiscent of ergodic measures in dynamical
systems, which are equal to the time averages. Here the time evolution is replaced by
space translations. We consider the averaging operator m,, whose action on A € A is

1
mp(A) = o Z Tz A. (3.61)

ze{l,...,n}d

For translation-invariant states we always have (m,,(A)) = (A). Notice that m,,(4) € A
for finite n but the limit n — oo does not exist in general.

DEFINITION 3.27. A translation-invariant state (-) is ergodic if
lim sup ((my, (4) — <A>)2> =0
n—o0
for all A € A.

A pleasing aspect of the theory of translation-invariant states is that these properties
of states (extremal, short-range correlations, ergodic) are all equivalent.

THEOREM 3.28. Let (-) € g;?i,. The following properties are equivalent.
(a) {-) is extremal in G®.
(b) (-) is extremal in €.
(c) (-) has short-range correlations.
(d) () is mizing.
(e) () is ergodic.

Note that we restrict to translation-invariant Gibbs states. Without translation-
invariance, the equivalence of (a), (b) and (c) should still hold.

<.
<.
<.
<.

PRrROOF. We prove that (b) = (a) = (¢) = (d) = (e) = (b).

(b) = (a): The contrapositive is clear; indeed, if the state can be decomposed in
distinct states in G®, it can also be decomposed among all states.

(a) = (c): We show the contrapositive, namely that if (-) does not have short-
range correlations, it is not extremal in the set of KMS states.
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Since (-) does not have short-range correlations, there exist quasilocal observables
A and By, with B, € Axc where Ay, 1+ Z% and ||B,|| = 1, such that

lirginf [(ABy) — (A) (Bn)| > 0. (3.62)

As pointed out above, we can assume here that the B,, are Hermitian. We can further
assume without loss of generality that A, B, € Ay, and by adding constants and
multiplying by constants we can also assume that %]1 <B,< %]1.

By extracting a subsequence, we may assume that 6 = lim,_,.(B,) exists. By
further extracting a diagonal subsequence (using separability) we can assume that the
following limits exist:

= Jim {7t = i 52 -
(3 = tim Y B gy 0= EBu)

It is not hard to verify that (-} and (-)® are Gibbs states (Exercise 3.13). We also
have

() =00)" + (1 -0)()®. (3.64)

It remains to check that these states are not all identical. With A the operator in
(3.62), we have

(A = lim

A 3.65
n—00 <Bn> 7£< >’ (8.65)

0 () £ ().
(¢) = (d): This is obvious.
(d) = (e): Let A € A. For every € > 0 there exists R such that
‘(ATxA> — (A>2‘ <e (3.66)

for all ||z|| > R. Then

(ma(A)) — (A2 = = S ((rAryA) — (A)?)

z,ye{l,...,n}d
1 1 (3.67)
= > ((mAnd) =)+ > ((mAnd) - (4)°).
z,ye{l,....,n d z,ye{l,....,n d
(o (R

The first term is less than 2||A|?>n»~%(2R)? and it vanishes in the limit n — oo. The
second term is less than e. It follows that
lim |<mn(A)2> - <A>2} <e (3.68)
n—oo
for any € > 0.
(e) = (b): We prove the contrapositive, namely that if the state is not extremal,
it is not ergodic. If the state (-) is not extremal, it is possible to find (-)®* and (-)®
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such that () = 1()® + 2(-)® and with (A)® # (4)® for some hermitian A € A.
Recalling that (s + )% < 2s? 4 22 if s # t we have, for all n,

(A7 =(5) + 5 < H(A1) + 54’

< (Hma(AP) + Hma(412)) = (ma(4)%). o
The second inequality holds because the variance is nonnegative:
0 < {(mn(A) = (4))?) = ((ma(4)%) — (4)*. (3.70)
Taking n — oo in (3.69) we get
lim inf (my, (4)%) > (4)*. 371)
Because of the strict inequality the state (-) is not ergodic. U

3.5. Decomposition of states

We now show that any equilibrium state is a convex combination of extremal states.
Since G® C A*, and A* is a Banach space with the usual operator norm, the set of
Gibbs states is a metric space. It is also a measurable space with the Borel o-algebra
(the one that is generated by open sets).

THEOREM 3.29. Let ® € Z and (-) € G2, ... There exists a measure i on G,
that is concentrated on the extremal states of G®, such that for all A € A, we
have

@ = [ 24 u@).
gCD
If the measure is concentrated on th;inv., it 1S unique.

Theorem 3.29 is based on Choquet’s theory, whose main result can be formulated
as follows.

PROPOSITION 3.30 (Choquet). Let K be a metrisable compact convex set and
k € K. Then there exists a probability measure p on K such that

(a) w is concentrated on the extremal points of K.

(b) For any affine function f : K — R we have f(k) = [, f(n)u(dn).

PROOF OF THEOREM 3.29. We apply Choquet’s result to K = G®. For this, note
that A is separable, that the linear functionals on A of norm 1 form a compact set
in the weak* topology (Banach-Alaoglu Theorem), and any weak® compact Hausdorff
space is metrisable (the topology is generated by a countable family of seminorms, so
it is second countable, which is enough for the existence of a metric?). Finally, closed
subsets of compact sets are compact, and it is easy to see that G® is a closed subset

2Reference: Theorem 2.6.23 of Megginson’s An Introduction to Banach Space Theory.



52 3. EQUILIBRIUM STATES

of the set of observables of norm 1: If (-),, € G® is a net that converges to (-) (in the

weak™ topology), then for any A, B € A:
(AB) = lim(AB),, = lim(Ba®(A)), = (Baf(A)). (3.72)

Then (-) € G®. (One can prove in the same way that positive normalised linear func-
tionals form a closed set.)

For A € A we consider the affine function fa(y) = v(4), v € G®. The existence of
the measure in Theorem 3.29 then follows from Proposition 3.30.

There remains to establish uniqueness. Let (-) be a state and p a measure on G2,
such that (-) = [ y(-)u(dy) and where 4 is concentrated on extremal states. We check
that the p-expectation of any continuous function depends solely on the state. Then pu
is indeed unique.

Recall the Stone—Weierstrass theorem (continuous functions can be approximated
by polynomials); it is then enough to check expectations of polynomials. Let fa,,..., fa,
be functions as above, for some Aj,..., Ax € A. Then, since the measure y is concen-
trated on extremal states with short-range correlations, we have

(fay o fag) = /K V(A . (AR (dy)

= lim [ y(mn(A1)) ...y (mn(Ag))p(dy)

e K (3.73)
= lim [ y(mn(A1)...mn(Ag))p(d7)
= nh_)rgo <mn(A1) .. mn(Ak)>
The last term does not depend explicitly on pu, but solely on the state. O

REMARK 3.1 (On the variational characterisation). In Theorem 3.14, Gibbs
states p are characterised as the minimisers of the free energy functional
fP®(p). Note that the latter is an affine function of states. The minimum
of an affine function on a conver set is attained at an extreme point. Thus, in
the infimum in Theorem 3.1/, we can restrict to extremal states p.

3.6. Exercises
Here H always denotes a separable Hilbert space, possibly infinite-dimensional.

EXERCISE 3.1.

(a) Show that any A € B(H) can be written as A = B +iC where B,C € B(H)
are Hermitian.

(b) Show that the operator norm (3.1) on B(H) satisfies |AB|| < ||A||||B|| for all
matrices A, B.

EXERCISE 3.2. Consider a state (-) on B(H) and A, B € B(H).
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(a) Show that (A*) = (A).
(b) Prove the Cauchy-Schwarz inequality, |(A*B)|?> < (A*A)(B*B).
(c) Show that |(A)|? < (A*A). Deduce that ||(-)|| = 1.
EXERCISE 3.3. Consider a tensor product Hi1 ® Hs of two Hilbert spaces. Show that

(@) |0 @ w|| = [lv][[[w]| for all ve Hi, w e Ho
(b) [|A® B|| = | A[|B| for all A € B(H1), B € B(Ha).

Deduce that ||tAl| = ||A]| where ¢ is the injection given in (3.17).
EXERCISE 3.4 (Bloch sphere). Let & = (0,0®,0®) denote the Pauli matrices
and @ = (a1, az,a3) a vector in R3. Consider the matriz
X=11+a-q).

(a) Find the eigenvalues of X in terms of d and use this to determine conditions on
a under which X is positive definite.
(b) Show that any 2 x 2 density matriz X can be written this way.

(¢) Now suppose Y = (1 + b-&). Write Tr (XY) in terms of @ and b, and using this
(or otherwise) prove the inequality

T1y2 + z2y1 < Tr(XY) < 21y + 2212
for arbitrary positive definite 2 X 2 matrices X,Y where x1 > x9 > 0 are the
eigenvalues of X and where y1 > yo > 0 are the eigenvalues of Y.
EXERCISE 3.5. Show that A — (A)g g = ﬁBTrAe*BH satisfies the definition of
states on a Hilbert space H. 7

Exercises 3.6, 3.7 and 3.7 establish the remaining parts of Proposition 3.3. We let
‘H be a Hilbert space and H = H* € B(H).

EXERCISE 3.6 (Tangent condition). Let Fg(H) := —% log Tr e #H . Show that the

Gibbs state (-)p g is the unique state such that Fg(H + A) < Fg(A) + (A) for all
A= A* € B(H). You may assume the concavity of Fp(-).

EXERCISE 3.7 (Variational principle). Show that e PH /Tr e PH s the unique den-
sity matriz p which minimizes the function F3(p) := Tr Hp + %Trplog p-

EXERCISE 3.8 (RAS condition). Show that the Gibbs state (-) g is the unique state
such that

1 (A*A)
A*[H, A]) > =(A*A)lo (3.74)
(A°(H.A)) > (A" ) log 31
for all A € B(H).
Hints: To show that the Gibbs state satisfies RAS, use the inner product
A, B (A, B)s = (a_is(A")B) = (A*ais(B)) (3.75)

(you may assume that this is an inner product) and show that the function f(s) =
(A, A)s is log-convex. For the other direction, consider the RAS-inequality for A =
1+ tB with t small and show that H commutes with the density matriz.
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EXERCISE 3.9. Use Proposition 3.3(b) to show that, for any translation-invariant
state p,

7% (p) > f(®,5).
EXERCISE 3.10. Show that A — tr A is the unique Gibbs state at 5 = 0.

EXERCISE 3.11. Prove that a state () satisfies the KMS condition if and only if
(A*A) = (Aaig(A*)) for all A € A.
EXERCISE 3.12. Use Liouwville’s theorem to show that if a state (-) satisfies the KMS

condition, then it is invariant under the time evolution given by a2, i.e. (a®(A)) = (A)
for all z € C.

EXERCISE 3.13. Let {-) be a KMS state, A, {} Z* and let B, € Ape be posi-
tive semidefinite operators such that the limits 6 := lim, ,oo(Bn) > 0 and (-) :=
limy, 00 (-Bp) /(By) exist. Show that (-) is a KMS state.

Hint: use the fact that for any local observable C' we have [C, By, = 0 for n large
enough and check the RAS condition.

EXERCISE 3.14. Let (-) € GP® be a Gibbs state and let U be a unitary matriz such
that for each X € Z% we have

QR Uiox Q) U = .
zeX zeX
Define a state (-) by, for each A € Z* and each A € Ay,
() = (QUiARU.).
z€A €A
Show that (-)' € GF®.
EXERCISE 3.15. Let (ap)peza be a set-indexed sequence. Assume that, along any
sequence N, T Z%, the limit lim,, ap, exists. Check that this limit does not depend on

the choice of the sequence.
The same property holds for van Hove sequences, with the same proof.
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