CHAPTER 6

2D systems with continuous symmetry

We consider translation-invariant Gibbs states for two-dimensional models, on
72, for an interaction ® which is invariant under a continuous group of rotations.
We prove the absence of symmetry breaking in the sense that all infinite-volume
Gibbs states retain the continuous symmetry.

Let ® = (®x : X € Z?) € Z be an interaction such that there are Hermitian
operators Sy, © € Z*, with [®x,>> S, = 0 for all X € Z?. Here S, acts
on the tensor factor associated with & € Z?; in most examples they are copies
of the same operator, though in principle they could be different. We assume
that the operator norms of the S, are uniformly bounded. We also assume that
|®|gr43 < 0o where ||®|, = > o, eI ||®@x]| is the r-norm in (3.26), and that
®x = 0 unless X is connected (if this does not hold we can always modify ® to
make it hold, however this may change the norm ||®||, and in particular whether
or not || P, < 00).

For an angle 6 € [0, 27] define the unitary rotation Ux (0) = exp(}_, . x i05:).
The condition [®x, Y . S| = 0 means that Uy (0)®xUx () = ®x for any angle
f, thus the interaction is invariant under rotations.

Given a state () € G2 we can define another Gibbs state (-) by setting,
for all A @ Z* and all A € Ay, (AY = (Ux(0)AUA(0)) (see Exercise 3.14). In
this sense the set G2 is invariant under the symmetry of the interaction. The
following result shows that the Gibbs states are actually individually invariant
under the symmetry:

THEOREM 6.1. Under the assumptions above, assume that () =
limy, gz2 (- >q>+\1'” € G2 s a limiting Gibbs state, where the interactions
U, € T satisfy |W,]| — 0. Then for all A € Z* and all A € Ay we have
that

(UX(0)AUL(0)) = (A). (6.1)

To put Theorem 6.1 in context, consider the xxXz-model (J* = J® in (1.37))
in Z?. The assumption on continuous symmetry holds, e.g. with S, = S®. The

model also has a discrete (spin-flip) symmetry, represented e.g. by V = el
Theorem 4.4 shows that, for J® = A > 1 and f large enough, there exists
a Gibbs state (-) satisfying (S;’S®) > ¢ > 0 uniformly in all z € Z¢. One
may in fact show that there is a translation-invariant Gibbs state (-)* satisfying
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80 6. 2D SYSTEMS WITH CONTINUOUS SYMMETRY

(S$)* > 0. Applying the spin-flip symmetry, the state ()~ 1= (®,V, - @,V,)*"
is a also translation-invariant Gibbs state; it satisfies (S§”)~ = —(S§”")* < 0. In
particular, (-)~ # (-)T. In this sense, the discrete symmetry is broken: we have
two distinct Gibbs states, related by the discrete symmetry. Theorem 6.1 shows
that the corresponding conclusion does not hold for the continuous symmetry:
the ‘rotated’ state (®,U;(0) - ®,U,(0)) coincides with (-).

The underlying reason for this difference is the absence of contours. Recall
that the key method for the proof of Theorem 4.4 was to analyse the contours
separating + and — spins: the spins at 0 and at x are likely to be the same,
because if they differ then there is a contour separating them, and contours are
‘costly’. When there is a continuous symmetry, however, distant spins can differ
due to a gradual rotation as one travels from one site to the other. Indeed, the
proof of Theorem 6.1 uses this idea of gradual rotations.

Also note that this result applies to 2-dimensional systems. In higher dimen-
sions, one can use infrared bounds and results such as Theorem 4.7 to prove
breaking also of continuous symmetris.

For the proof of Theorem 6.1 we rely on the following lemma, which also plays
an important role in quantum information theory. The proof can be found in e.g.
[30].

LEMMA 6.2 (Quantum Pinsker’s inequality). For two density-matrices
p,0 € B(H) on a finite-dimensional Hilbert space H, define the relative
entropy

S(p|lo) := Tr p(log p — log o). (6.2)
Then S(pllo) > 5llp— olli. In particular S(p||o) > 0.

PROOF OF THEOREM 6.1. Let n large enough that A,, O A. Since the [|.S,||
are assumed to be uniformly bounded, we can assume ||, < 1 for all z.

The key idea of the proof is to introduce ‘gradual’ rotations and then to
transfer the rotations from the observable to the interactions. Let 8 = (0,),cz2
be angles such that (i) 6, = 6 for x € A, (ii) |0,| < 0 for all z € Z?, and 6, = 0
for |||y > m. Our precise choice of angles is given below in (6.25). Define

V(0) = exp (i > een, HISI). (6.3)

Note that Uy (0)AUA(0) = V*(0)AV (0) since A € A,. In what follows we simply
write V for V(8) to lighten the notation.
Let us write Zy ™" = Tr e #"~#"" and
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for the density-matrix associated with the finite-volume Gibbs-state (-)3 ™. Let

us also write .
i} *
o~ VHR V—VH{"V*

for the density-matrix associated with (V*-V){T¥". (The partition-functions are
the same as the trace is invariant under conjugation.) We have that

(AR = (UR(O)AUA(0) X = {A) AT — (VFAV)R | = |Tr A(pa, — pi,, )|
(6.6)
Applying first Holder’s inequality followed by Pinsker’s inequality we find that

Tr A(pa, = P, ) < [Allsllon, = ok, lIn < [Allsoy/28(pn, | £K,)- ©67)

Now we apply a strange-looking trick which turns out to be crucial. By the
non-negativity of the relative entropy,

S(pa, | pX.) < S(pa, | pX.) + S(pan | PX.) (6.8)

where pxn is the density-matrix as in (6.5) but with V* replacing V', or equiva-
lently, with rotations —#, replacing 6,. The reason for doing this is that it leads
to a cancellation of terms which are linear in the angle differences 6, — 6, leaving
only second-order terms.

Now note that

1 * *\ P+W,,
S(pan | pX,) +Son, | o, ) =( = 2HY, + H{®V + HYPY)
(= 2HY 4 HY UV gy "
An An An An
The absolute value of the right side is bounded above by
128X, — HY Y — HYP || 4 l2HY — HY Y = HOL a0

Since we assumed that 6, = 0 when ||z||; > m, we have V*(¥,)xV = (V,)x
whenever all sites of X are at distance more than m from the origin. Thus

2y —H V<] 3D 3 (x| < demr 0 e

z:||z][1<m XCAp
X3z

For fixed m, this goes to 0 as n — oo. We now check that the first term is as
small as we wish by taking m large.
For each set X C A,,, we fix 2o(X) to be one of its elements. We have

VOV = e Tx ¢y ellx (6.12)
where
Tx =Tx(0) = > (0 — 02,)5,. (6.13)
xeX

The term with xg commutes with ®x and actually cancels; however, we include
it to help with later estimates.
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Recall the Lie-Schwinger multicommutator expansion, Lemma 3.15: ¢4 Be ™4 =

250 Lad’,(B) where ada(-) = [4, ]. Using this we get

HY,™ = ZCDHZZ a7 g) (2)

XCA, §>1 XCAyp (6.14)

= HY + B(6) +C(6),

where
Z Z d2]+1 (Px), (6.15)
9) X
7>0 XCA, 2j+1)!
and
Z Z ad?x(e (Px). (6.16)
j>1 XCA,
Similarly
H{*Y" = Hy + B(—6) + C(-0). (6.17)
Note that Tx(—0) = —Tx(0) and ad(_ry)(-) = —adp,(-). This means that
B(—0) = —B(0) and C(—0) = C(0). Thus
2HY — H{®V — HY*V" =2C(0). (6.18)

We now estimate ||C'(0)||. Using ||[A, B]|| < 2||A]| || B]| we obtain

22
lc@) <> Z |Txl|2j\|¢>x|!

>1 XCA
=y \I@xll(cosh(2||Tx||) —1) (6.19)
XCA
<2 ) [Pl T || ™I
XCAp

We used the inequality coshu — 1 < %uQ e, which is easily verified for all v > 0.
We now bound ||Tx||. Since we assumed ||.S,|| < 1 for all z, we have

|Tx]|| < Z 0, — 0] (6.20)
reX

Since we have |0, | < |6]| for all z, a first upper bound is || Tx|| < 2|0|. We use this
for the last factor in (6.19): e2ITxll < e4IXl = Another bound, which allows us
to exploit a gradual change in the angles 6, is based on:

100 — Oy <102 — Ouy| + 00y — Oy | + -+ -+ [0s,, — 05 (6.21)

where xg,x1,T9,...,2Tx_1,T = X is a sequence of nearest-neighbour sites in X
forming a (non-repeating) path from xy to z (this is where we use that X is
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assumed to be connected). This gives

1Tl < 1X] > 16. =6y, (6.22)
{z,y}CX
lz—yll=1
where we used that a given edge is traversed at most X times. We now combine
this with Cauchy—Schwarz:

2
I Tx[* < \XF( > 16— eyy) <2XP YT 10, -6, (6.23)
{z,y}CX {z,y}CX
lz—yl=1 lz—yll=1

where we used that X contains at most 2| X | edges. We obtain

lC@ON <4 ) oxllIXP et 10, -6,

XCAn {zy}cz
lz—yll=1

<4 Y 100, D0 llexlllx et

{way}gAn X:_){w,y}
le—yll=1
<8 @llaprs > 0. — 0%
le—yll=1
We used x < e”. Note that || ®||49/4+3 < [|P]|sxrs < 00.
We now choose the angles 8 = (6,). Let mg be large enough so that all sites
in A are at distance at most mg from the origin. Then we take

(6.24)

0 if |||y < mo,
0, =< 0(1— bg(”{gg—gw) if mo < ||z]|1 < mo +m, (6.25)
0 if |||l > m.

We can then bound

Y =Y Y Y (e

{z,y}CAn r=0 z:||z|1=r y:||y|1=r+1
lz—yll=1
< Z 4-8r 92<10g r+1) - 10gr>2 (6.26)
e logm
const i (l ( 14 )) const
— r(lo .
~ (logm)? s ~ logm

r=1

Using our bound in (6.24), (6.18) and then (6.10), we see that the difference of
the expectation of the local observable A in (6.6) is vanishingly small. U
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