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THEOREM 6.1. Under the assumptions above, assume that (-) € G s a
translation-invariant Gibbs state. Then for all A € Z? and all A € Ap we

have that

(Ur(0)AUA(9)) = (A). (6.1)
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LEMMA 6.2. Let (-) € G® be a translation-invariant Gibbs state for an in-
teraction ® € T. Let A € Z¢ and let A,, 1 Z%. Then there is a sequence o
interactions W, such that |W,| — 0, such that for all A € Ay we have

(A) = lim (A)3+".

n—0o0

DEFINITION A.16. The relative entropy S(-||-) is the following function of
two positive-definite matrices a,b € M,,:

S(al|b) = Tra(loga — logb).

LEMMA 6.3 (Quantum Pinsker’s inequality). For two density-matrices p,o €
B(H) on a finite-dimensional Hilbert space H, define the relative entropy

S(pl|lo) := Tr p(log p —log o). (6.4)
Then S(pllo) > 3llp — oli?. In particular S(pllo) > 0.




LEMMA A.13. Let a,b,h € M, such that a,b > 0, [a,b] = 0, and h = h*.
Assume that (g 2‘) > 0. Then h < al/2p1/2,

PROOF. Let u,v € C" such that ||u|| = ||v|]| = 1 and define z = a=/2u, y = b~=1/%v.
hen, with 0 the zero vector in C", we have

(* O*) (a h) (x O)_(x*aaz x*hy)_( 1 u*a_l/th_l/%)
yv*)\h bJ\0 v/  \y*hx vy*hy)  \v*bV2ha 12y 1 '

N

L% L L I qox 2 (A.36)
he latter is a 2 x 2 matrix; its determinant is nonnegative so that |u*a=1/2hb=1/20| < 1.

his implies that ||a~1/2hb~1/2|| < 1. Next one can check that a=1/4b=1/4phq=1/4p=—1/4
as the same eigenvalues as a~1/2hh~1/2 (if v is eigenvector of the first matrix, then
~1/4p1/4y is eigenvector of the second matrix with the same eigenvalue). Then

la /4~ 4ha~ V414 < 1, (A.37)
and, since this matrix is hermitian, we have

a—1/4b—1/4ha—1/4b—1/4 S 1 h S a—l/Qb—1/2.




THEOREM A.14 (Lieb’s concavity). Let ay,as,b1,ba > 0 be n X n complex ma-
trices and let o € [0,1]. Then

(a1 4+ a2)*® (b1 + b2)' 7 > af @b * + a§ ® by~ *.

PROOF. Let z(a) = af ® bi_o‘, y(a) = a§ ® b%_a, z(a) = (a1 + a2)® @ (by + b))~
We need to show that z(a) > z(a) + y(a) for all a € [0,1]. It is actually enough to
show this in a dense subset since all expressions are continuous in «. This clearly holds
for a € {0,1}. We now show that if it holds for o and 3, then it also holds for #

We have x(O‘Zﬂ) = z(a)Y/22(B)Y/2, and the same relations for y and z. Then

x(o x(ots x(o)l/?
(2 "5) - Cope) e o ze

: : : Laxwn WX : L
The latter inequality holds quite generally, only using that x(«) is hermitian. We have

a similar inequality for y. Then

z(a)  (%5P) y(a)  y(*37) 2(a) (535 + u(550)
o< (et “a )l h) < (aemanessy T <A4o>> |
z(a)—z(a)—y(a) 0 )’ Wthh

2
The second holds because the difference is equal to ( 0 2(8)—2(8)—y(B)

is nonnegative by assumption. We now use Lemma [A.13|and we get
r(252) + y(%5) < 2(0)/22(9)"2 = 2(242). en

We can start with @« = 0 and f = 1 and iterate the inequality, so it applies to all
multiples of 27% for arbitrary k; this set is dense in [0, 1]. ]




COROLLARY A.15. Let aj,a2,b1,b0 > 0 be n X n complex matrices and let
a € [0,1]. Then

Tr ((a1 + a2)® (b1 + bg)l_a) > Tr (a$b1 %) + Tr (a§by~%).

PROOF. We use the following correspondence between M,, and C" ® C":

n n

Tra®b= ) aizbi;= > (il @ (#(a®b) [ ®]5).
ij=1 ij=1 '\\-\ "\3
This allows to use Theorem A.14.

( L‘tdo 'I COV\CO‘V:}“7

Recell . Slalb) = Tra (loge - loghk),

LEMMA A.17. We have for all a,b > 0 that

S(allb) = 51_i>%l+ (Tra—Tr a'~°b°).

PROOF. Let f(¢) = Tra'=¢b°. The right side is the derivative "f’(0) which is equal
to S(a||b). O




THEOREM A.18 (Joint convexity of the relative entropy). If ai,a2,b1,b2 > 0
are complex matrices in M,,, then

S(a1 + CLQHbl + bg) = S(a1||b1) - S(a2||b2).

Since S(Aal|Ab) = AS(a||b), the joint convexity of the relative entropy follows im-
mediately. And since the entropy is equal to S(a) = S(a||1), it is convex too.

PROOF. Starting with Lemma A.17, and using Corollary |A.15, we have

S(a1 + a2||bl + bg) %(Tr (a1 + a2) —Tr (a1 + ag)l_‘s(bl + bg)a)

= lim
e—0+

e—0+
= S(a1/|b1) + S(az|b2).

< lim %(Tr a; — Tray bS + Trag — Tr a%_ebg)

27mi 27i

LEMMA A.19. Let U = diag (1, en ..., en D) ) Then for any matrix a €
M,, we have

1n—1
2mi _ 2mi
_§ :enkﬁa&me “km _
n
k=0




Let P = diag(1,...,1,0,...,0) with k elements equal to 1, where k € {1,...
We consider the map & : M,, — M,, defined by

®(a) = dlag( Tr Pa . 1TI‘PCJL L Tr(1-Pa...-5Tr (1 — P)a).

\ 7

v~ -~

k elements n—k elements

The image ®(a) is a simple matrix with just two values.

LEMMA A.20. There exists a finite number L and unitary matrices Uy, . ..
such that

1 L
Z =
=1

PrOOF. If a is diagonal we can consider the permutation (L,....k)(k+1,....,n)
and its permutation matrix V. Then ®(a) = = k) Zk(n " Vlq V. Indeed, this

amounts to average over diagonal matrices Where the first k elements of a have been
rotated, as well as the last n — k£ elements.
For the general case we combine this with Lemma A.19 to get

d(a) = Z ZVEU%U my/ ¢,

/=1 m=0
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PROOF OF LEMMA Let P be the projector onto the subspace of the eigenvec-
tors of p — o with nonnegative eigenvalues and let ® be the map defined in Eq. ()
By Lemma and the convexity of the relative entropy (Theorem ) we obtain
that

S(pllo) = S(2(p)[[®(0)). (A.47)

The latter is equal to the classical relative entropy of two Bernoulli random variables

with parameters Tr Pp and Tr Po. Using the classical Pinsker inequality (see Exercise
h we get that it is greater than

2
LTt Pp—Tr Po| + [Tt (1 — P)p — Tr (1 — P)o|)” = $|lp— olli. (A.48)

The last identity uses the fact that P is the projector onto the suitable eigensubspace
of p—o. ]




THEOREM 6.1. Under the assumptions above, assume that {-) € G is a
translation-invariant Gibbs state. Then for all A € Z? and all A € Ap we
have that

(UA(0)AUA(9)) = (A). (6.1)

(1) Introduce angles 8™ = (AY™) such that 65" = 6 for all € A and all m. Let
Up =5 658,
(2) Using Lemma 6.2, it is enough to show that for all A € A,, we have

lim lim ((A}j{\):qj” — <U;AUm>i:\I}”>: 0. (6.5)

m—00 N—0o0

(3) We estimate the difference above in terms of the relative entropy. This in

turns gives an estimate involving the difference of hamiltonians Hfj\p” and

Upn (®+T,,) U,
HY .

(4) The difference above can be bounded by CZ||x_y||:1(93(r:m) — 02,

(5) In two dimensions, we can find 8™ such that Y = 6 for all z € A and all
m, such that the gradient above goes to 0 as m — oo.
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LEMMA 6.4. We have the bound

2
(A" — (U AU

o Un®U% 1 US®Un, .
<2||2Hy, — H"m — Hym || 4 2] @al]|6 [ | Al

PROOF. This uses Pinsker inequality and the trick of rotating the angles in both
directions. ]
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Umx = »_ (05 = 6™)8,, (6.6)
rzeX

where 0™ is the average of Y™ on X (it depends on X, although we do not indicate
it). We have Uy, @x Uy, = U x®xU,, x-

LEMMA 6.5. We have

Um®U?, Uy ®Up, 77 Ui
28R, - B ® — BT <2 37 @) [T x| 20,

XCA,

PROOF. Use the Lie-Schwinger expansion, and observe that odd powers of commu-
tators vanish. The inequality coshu — 1 < LuZev is used. []

Togb T 16-6,) : use o discree Rincors imegualily.

“X-',u :[



LEMMA 6.6. The following choice for 8™ gives the desired rotation on A and
its gradient vanishes when m — oo: With mg large enough so that all sites in
A are at distance at most mgy from the origin, let

if [|z]|1 < mo,
o(1 — ellelizmo)y ity < [l < mo +m,

logm

0 if |21 = m.

const
> |9.,,C—9y|2g1 .

ogm
{x,y}gAn g
|lz—yl|=1

PrROOF. We can bound WA tmo

S
Z "9x_9y|222 Z Z |9:v_‘9y|2

{z,y}CAn r=0z:||z[|y =7 y:[ly[l1=r+1

lz—y||=1
= log(r + 1) —logr\ 2
< 4. 92< )
Z o logm

=m0

m

const const
(log(1
log m) 2 Z (log( +.L ~ logm

v
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