
Long-range order in XXE model

① Peierls argument for Ising

② Kennedy's extension to XXZ with
any J <J = J·

Note : long-range order => notmixing => Gibbs state not extremal

= 1gt1> 1



Phase diagram of the XXZ model
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(N = 2)

Recall that In=-1
Notation : w = (wxxen ,

wa = 11
·

Probability measure on classical configurations :

Then :

Here : 1 = E - M, .

. .,
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Occurrence of long-range order

Proof
.

Contour representation :



⑭
where the weights of the contours are

Awxzw
,
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We have : a
Then

Dx(po) E /pol

Dx(pol : length of shortest path between x andpo Siva-expos
- I

V S ? 1

W now estimate the sum over contours :

#I get a bound for the probability thatwWy ,

hence for LSS33 :

I



Next : XXZ model

Consequence : 1G*** / > 1 when B is large

Many open questions :o Unique Be ?

· d3 3 : Can we get Bolt to o as +
- It ?

· d = 2 : The situation as - It is unclear
.



Proof of long-range order in XXZ model = e
T

-

Lie-Trother expansion :

(Proposition A .

5 in Lecture notes)

Inserting 1= (v) <Wl
,
Nimes :



The terms in the expansion :

(a)

"Space-time" contours :

w -
i= 3

# -
i= 2

- -
i= 1



Weight of space-time contours : # transitions

-

⑳

↳ [vi : space-time contour
(connected in space-time

Let Dx(p") : minimal distance between x and all connected
elements ofp" .

W have :



Goal : Las a

User)=1) = 1- lim Prm[I contour separating 0 anI

Let n>0 and S21
.

=

Jensen

Choose 1-13 ES (450 ,
S31

,
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We haveobtained
- (By-logS)gol -DalgaryI w(g) = 2[ 2

U : I'"surrounds X pe En

pla

8 -
& Delga

See the proof in the notes. ↳



Long-range order - proof using the "infrared bound"

11 = 91
....,le

E(h) = 221- crski)
i= 1

Proof :

-

=i,smallbecause of

IRBXe1l



Mean-field systems (i..e .
on the complete graph) -g

a Simpler to study Fir
· Describe the limit d -10 . However :

· Expected to have the same properties as in
& when the

dimension is greater than the upper critical dimension
Loften d = 4)

.

Here : Spin-t (M =2) Heisenberg model

Hm =-s, on
IN

x + 7



Setting
An = As , . . ., y = B) (2M)

Floc = Ya ,
of : A home

States are positive normalised linear functionals A -o K
.

translation-invariance on I" - permutation invariance

W restrict to permutation - invariant states.

Gibbs states : those that are tangent to the free energy,
or satisfy the Gibbs variational principle,

or the KMS

condition
.

The set of Gibbs states is convex
.



Properties of Gibbs states : mixing ,

extremal
, product.

tation-invariant state can be written asThen
any permu

a convex combination of product states.

(This is analogue to the quantum de Finetti theorem
. (



Determining the Gibbs states

Case of pair interactions, #X + 0 only if IX1 = 2.

Let

Necessary condition :



slope Fah(x)

r
nontrivial sols when 131


