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FIGURE 1.1. Phase diagram of the Ising model, and of the XXZ
model for J® > JO® = J®& > (. for all dimensions d > 2.




Ising hamiltonian:
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THEOREM 4.2. Consider the model (4.13) with d > 2. There exist Sy < oo and
c(B) > 0 (that depend on d but not on N ) such that for 5 > By, we have

(0o n > c (4.18)
for all x,y € An.
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THEOREM 4.4. Let d > 2. Consider the model (4.28) with t € [0,1). There
exists ¢ > 0 and By(t) < oo such that for all 8 > By(t), all finite bozes A, and
all ¢,y € A, we have

<a§;3)0:(yg)>/\ > C. (4.29)
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PROPOSITION 4.5. For any d > 1 and e > 0 there is a constant By (that depends
on d,e,d but not on A) such that for any 8 > By, we have

Z e BN s=Da(vV) < o
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THEOREM 4.6 (Infrared bound). Assume that ¢ € 2N and that
1) 763) (2)
J T >0> J. A=
Then we have for all k € A} \ {0} that S = 7—L (I eor k)
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THEOREM 4.7. Assume that ¢ € 2N and that
J® > JO > —J®@ > 0.
Then
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DEFINITION 5.3 (Product state). A state p on A is called a product state i
there is a density matriz p € B(Hy,) such that for all N > 1 and all A € Ay
we have that p(A) = tr (p®N A). (Equivalently, py = p®~ for all N.)

THEOREM 5.5. Assume that p € €,; . The following are equivalent:

(a) p is extremal in &, ;,
(b) p is mixing
(c) p is a product state.

3P

pi.7 then the above are all equivalent to:

Furthermore, if p € G

(d) p is extremal in Qg.?
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Cose o \Pa‘lr }m)fb(o(ckomp/ d>X = O ow)7 i+ I1X|= 2.

| ok
Hp = TI’Q((]I %Y ,0)(131,2).

THEOREM 5.6 (Fannes—Spohn—Verbeure). Let ® be a permutation-invariant
two-body interaction. Then the extremal elements of Qg’. . (B) are those product
states whose density matriz p (with Tr p = 1) minimizes the function

F(p) =TrpH, + %Trplogp.

Ne,cessary conciBown

PROPOSITION 5.7 (Mean-field equation). Let p be a density matriz (Trp = 1)
which minimizes the function F(p) in Theorem m Then p satisfies

. Tr e 26H,




5.3.1. The spin-% Heisenberg model. Consider the fully isotropic model for
spin %, that is we take n = 2 and J; = Jo = J3 = 1. Thus we have the interaction

(I)L:{ —8, -8y, fL={zy}z#y,

0, otherwise. (5.23)

We identify the density matrices p corresponding to extremal states. From Exercise
we know that ®19 = —(%Tl,z — %) where T 2 is the transposition operator. Thus

1@ p)P12=-1®p)(5T12— 1) =—3p® 1+ 11®p. (5.24)
Thaking the partial trace we get

H,=—p+ i]l.

Any 2 x 2 density matrix can be written (compare Exercise b in the form

D= %]1—|—d'~§, @ = (a1, az,a3) € R>. (5.26)

With this parameterization,
Hy=-a-5 - %111. (5.27)

e—28Hp

We need to compute T o=2BH; ) and we see that the scalar term —i]l in H, cancels. To

r
compute €245 note that (@ - 5)% = 111@||?, so from the power series expansion of the
exponential we get

sinh (5]la]))

L

2835 — cosh (Bllal) 1+

@-5).

Then Tr e28&5 = 2 cosh (gHEiH), SO

—2B8H
e
Tr e—28H, 2

The mean-field equation reduces to

(6-5)(% - 1) — 0.
|a

One solution is always @ = 0. If § >|1 =: (.|then the equation tanh(Sx) = x has

a (unique) positive solution z = z*(f8). Any d with ||@|| = z* thus solves the mean-

field equation. One may check that all such @ give the same value of the free energy,

and that it is smaller than for @ = 0 (see Exercise . It follows that the extremal

permutation-invariant Gibbs states for the spin-1 Heisenberg xxX-model are indexed

2
by the points on a sphere, that is by SO(3).

(5.30)




