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PROPOSITION 3.3. The Gibbs state (:) g is the unique state (-) = Tr - p satis
fying any of the following four conditions:

(a) Tangent condition: Let Fg(H) := —% log Tr e #H . Then
Fp(H + A) < Fp(H) + (4)

for all A= A* € B(H).
(b) Gibbs variational principle: The density matriz p minimizes the func

tion

IR0 = b Bl %Trplog p.
(c) KMS condition: Define the time evolution
o(A) = e Ae™tH Le i
Then
(AB) = (B aig(4))

for all A, B € B(H).
(d) RAS condition: For all A € B(H) such that (AA*) > 0,
(4*A)

(A*[H, A]) > T

(A*A) log

1
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LEMMA 3.15. Assume that ® € I, for some r > 0 and that t € C with |t| <

2||CTI;|| . Then (Q%A@Zd is a Cauchy sequence for each fized A € Ajoc.
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THEOREM 3.17 (Infinite-volume limit of the evolution operator).
P

Let ® € Z,. for some r > 0. There exists a family of x-automorphisms oy on A
such that

(a) limy, oo ozj{{n,t(A) = o (A) along any sequence A, T Z%, for any t € R,

and for any A € Ajsc.
(b) llaf|| =1 for any t € R.
(c) It satisfies the group property

ag(A) = ay (af (A)) forallAec A, s,tcR.
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PROPOSITION 3.18. With the deﬁmtzon (3.56), a® maps A to A and satisfies

the group property oy o af) = ay,,, for all z,w € <C
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DEFINITION 3.19. We say that the state (-) on A satisfies the KMS condition

for the interaction ® € Z.at inverse temperature B if for all A € A and all
B e A, we have

(AB) = (Boz%(A)}. (3.55)

Equivalently, we have for all A, B € A, and all functions f such that f € Ce,
that

/ F(t){a®(A)B)dt = / F(t — iB)(B a®(A))dt. o
R R
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PROPOSITION 3.20. Let (-} be a translation-invariant state on A. Then (-)

satisfies the KMS-condition if and only if it satisfies the tangent- and variational
definitions.
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DEFINITION 3.25. An element x of a conver set X 1is called extremal if ¢
cannot be written as a convexr combination txry+ (1 —t)xe, t € (0,1), of distinc

elements x1,x9 € X. In particular, this definition applies to elements of €, Qg)
and Qg)i_.

DEFINITION 3.26. A state (-) is said to have short-range correlations if

lim sup |(AB)— (A)(B)|=0.
ANZE BeApe
1Bll=1

It is said to be mixing if for all A, B € A we have

lim ((Am,B) — (A)(1,B)) = 0.

]| =00




[/ \?D‘\AY\O«F‘OV\

,, (A) = ﬁz TN

X ﬁ\,...,m'}t>k

DEFINITION 3.27. A translation-invariant state (-) is ergodic if

lim sup ( (m,,(A) — <A>)2> =0

n—oo

for all A € A.

THEOREM 3.28. Let (-) € G& . The following properties are equivalent.

is extremal in G®.
-y 18 extremal in €.

has short-range correlations.
-) 1S MITINgG.

s ergodic.




THEOREM 3.28. Let (-) € G . The following properties are equivalent.

) is extremal in G2.
-) 18 extremal in €.
has short-range correlations.
-) 18 MATINg.
-) 18 ergodic.
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THEOREM 3.28. Let (-} € GE. . The following properties are equivalent.
(a) () is extremal in G®.

() is extremal in €.

() has short-range correlations.
() is mixing.

() is ergodic.

(C) = Qol) Ob\;)oug Qrorv\ H\Q OlQ_Q\n;%OV\:

DEFINITION 3.26. A state (-) is said to have short-range correlations if

lim sup [(AB) B)| =0.
AMZ?* BEApe } A >‘
|B||=1

It is said to be mixing if for all A, B € A we have

lim ((Am,B) — (A){r,B)) = 0.

]| =00




THEOREM 3.28. Let (-) € in_. The following properties are equivalent.

) is extremal in G2.
) 1is extremal 1n €.
has short-range correlations.
-) 1S MATINg.
-} 18 ergodic.
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THEOREM 3.28. Let (-} € GF. . The following properties are equivalent.

N is extremal in G2.
-) 18 extremal in €.
has short-range correlations.
-) 18 MATINg.
-) 18 ergodic.
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THEOREM 3.29. Let ® € T and {-) € GX. . There exists a measure i on G®,

that is concentrated on the extremal states of G*, such that for all A € A, we
have

/ (A) p(dy).
g@

If the measure is concentrated on ggmv., 1t 1S unique.
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PROPOSITION 3.30 (Choquet). Let K be a metrisable compact convex set and
k € K. Then there exists a probability measure u on K such that

(a) v is concentrated on the extremal points of K.

(b) For any affine function f : K — R we have f(k) = [ f(n)p(dn).
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