
KMS condition. Extremal state decomposition

Recall : Finite volume Gibbs state:Ano TreBHA



Infinite-volume setting
X EXP : Ex is space

of observables with support in X

Alo = VXedEx : local observables

norm

A = Aloc : quasi-local observables

W consider states on A.

Interaction : (Gx)xed (here : always translation - invariant)

Norms : IIIIIII= 114x1 (if 11410
, de 1)

11 kII=er (i:



Back t finite-volume KMS condition

For1 : hamiltonian H=
↳

ithn -itH]Evolution operatorXtr(A) = e A 2

The (finite-vol
.

) KMS condition :

LABC = ( BXYiB(A)) VA
,BeAn

Method : Extend air to A



Infinite-volume of evolution operator

(A)

Further
,

we found that

11 &(A)11 : Alle (1-14 2kg
* At Ar .

Here
,

te
.

X can define at on foo by

(A) = Lime (A) 14 za

We needis ,
with Barbitrary large.



Infinite-volume of evolution operator

Proof : Extend al to :

A = BQC :

H

An An

Note that 11 all = 1
,

so the definition extends to A.

For small : at(A) = lim
·1 (A)

,
Acto



Let telR and t
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t E IR such that

ri = t
,

Wil zi ,
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We have

Then

"X& (A)

& &Then & <
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= Chin ..... Eit, converges as
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The
space
E of quasi-local operators

We have for tell
.
W need X*B, BEIR.

Given FEC (IR)
,

define the complex function

(z)=eis)d ,

z

If Act
,
let

As = (IHA

As is a "Paley-Wiener" operator . Then Age E.



Note that I is dense in t =
For Age we define

~Cr +
zoch)A

cE(As) = JE(r-z)(A) dr
IP

Note : E(t-z) = Fz(l) where fall = eiztf() = C.
Then cE(As) = Asz

and2 is a linear map E-o E.



The KMS condition in infinite volumes

r

Let G* : set of Kis states for the interaction I



Next : beautiful theory ,
that holds land can be proved) very generally !

Extremal Gibbs states

Context : G : set of Gibbs states for a
&

[KMS or tangent
Clear : GB is a convex set. ·
4 properties : extremal ; shorkrange correlations ; mixing ; ergodic.

⑭

⑭
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-
translation

mu(A) = inZes...., 2xA



Proof : (b) => (a) = (c) => (d) = (e) => (b)
.

(b)= (a) : clear
.

(a) => (c) : We prove contrapositive :

no short-range correlations => not extremal.

=> Actio
,
But hid where In TCL9

,
Ball = 1

st
. liminf/LABu) - (A) (Bu> /> O

n-

Take A
,
Bu hermilion

,
in los



Also : I I ? Br & 1.

=
() = 0( . >" + (1=0) 2 .)

(A)"=in



(c) => (d) : Obvious from the definition :



(d)= (e) : VAEA : VEso
,
7 R st

( (A2xA) - (A)"1(2 = (x) R

Then KmaLARS-LAP = -I (LexArA)-i)I
X

,+E (1, . -
n 3d

= inDexa-Las) +-I: I
(x->R

I
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(e) = (b) : We prove
the contrapositive :

not extremal > not ergodic.

Not extremal : ( . ) = = L . >" + + L . )" LAS" * (A) *

Use : (s ++" < 25 + 252 if st

(A) = ( 1 (A)" + + (A) ( <* (A))" + 1 (2))

= E(mu(A)")" + E Lou (A)"y(

= (mu(A)")

↳



Ising : ( .) = 0 L :)
+

+ (+ 0)2.5

Decomposition of states

This is based on Choquet's theorem :

Here : K = g0· The affine functions are given by Ae,
namely : f(p) = y (A).



Proof of Thm 3
.

29 (Decomposition of states) :

Existence of the measure follows from Choquet's thm.

X still need to prove that the measure is unique
(in the translation-invariant case) .

Let fat
,

... FAn be fats as above
.

w check that S fa
, lges - far (p) dusps depend,

in<A ... p(Au) dulp)
Et
in

= Lin Splmu(A) ... plmn(An)) delp
= LimSv(muCAil ... mu(An)) dulp

= lin <mu(A i )
. - muCAn)] In->D


