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DEFINITION 3.4. A state (-) is a normalised, positive linear functional on A.
That is, (-) satisfies

(i) (sA+tB) =s(A) +t(B) for all A,B € A and s,t € C.
(i) (1) = 1.

(iii) (A*A) >0 for all A € A.

We write € for the set of states. A state is called translation-invariant ¢

(A) = (1, A) for all x € Z°.
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DEFINITION 3.5 (State as cluster point). Let ® € Z, and let ¥,, be a sequence

of interactions in I such that ||V, || = 0 as n — oco. Let A, = {—n,...,n}?
and for A € Ay, let

1 S+ Uy,
A =~ TrAe PHa "
(A)A, 8 Zp, (@ +T,) i

The cluster points of the sequence (()?{n g)n>1 are infinite-volume Gibbs states
for the interaction ®.
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PROPOSITION 3.3. The Gibbs state (-)u g is the unique state (-) = Tr - p satis-
fying any of the following four conditions:

a) Tangent condition: Let Fg(H) := —1logTr e P2 . Then
b B

Fg(H + A) < Fp(H) + (4)
for all A= A* € B(H).
(b) Gibbs variational principle: The density matriz p minimizes the func-
tion

Fp(p) :=TrHp + %Trplogp.

(¢) KMS condition: Define the time evolution
op(A) = et A7 1H t e C.
Then
(AB) = (B aip(4))
for all A, B € B(H).
(d) RAS condition: For all A € B(H) such that (AA*) > 0,
(A"A)

(A[H, 4]) = 5 (4" 4)log
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PROPOSITION 3.7.

(a) The free energy fa is a concave function of the interactions.
(b) (fa)rega are equicontinuous: for any ®, 9" € T we have

fa(®,8) — fa(2, B)] < |2 — @'].
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DEFINITION 3.8. A sequence of finite domains (A, )p>1 converges to Z% in the
sense of van Hove if
(i) it is increasing: Ap+1 D Ay, for all n;

(i) it invades Z¢: Up>1A,, = Z%;
|arAn|

(iii) the ratio boundary/bulk vanishes: A —0asn— o0, Vr.

Here, the r-boundary is 0, A = {x € A° : dist(z,A) < r}.

THEOREM 3.9. Assume that ® € Z, i.e. |®| < oco. Then the limit
n—oo

exists and is the same along all van Hove sequences A, ft Z%. It is a concave
function of the interactions.
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LEMMA A.12. Assume that (ap)pczd 95 o set-indezed sequence of real numbers
that satisfies

e translation invariance: ap., = ap for all A € 7% and x € 7.%;
e bulk property: there exists a constant c such that for any k and any
mutually disjoint Aq, .. Ak € Z%, we have
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Then there exists A\ € R such that
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DEFINITION 3.10 (States as tangent functionals). A translation-invariant state
(- on A is an equilibrium state for the interaction ®, in the sense of tangent
functionals to the free enerqy, if

f(@+¥) < f(P) + (Ay)

for all W € 1.
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PROPOSITION 3.3. The Gibbs state (-) g g is the unique state (-) = Tr - p satis-
fying any of the following four conditions:

QQ_C&H E (a) Tangent condition: Let F3(H) := —% log Tr e PH | Then
Fg(H + A) < Fg(H) +(A)
forall A= A* € B(H).

(b) Gibbs variational principle: The density matriz p minimizes the func-
tion

Fp(p) :=TrHp+ %Trplogp.

(¢) KMS condition: Define the time evolution
o(A) = et Ao t e C.
Then
(AB) = (Baig(4))
for all A,B € B(H).
(d) RAS condition: For all A € B(H) such that (AA*) > 0,

(A*[H, A]) > A4
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PROPOSITION 3.15 (Infinite-volume limit of the evolution operator). Assume
that ® € Z,. for some r > 0 and that t € R. There exists a x-automorphis
af : A— A such that

1 A= a4 =0 LA € A |
A}rr;dll%,t( ) — oy (A)]] for a 1 (3.39)

Further ||af]| = 1 and af satisfies the group property
ag(A) = af (ozg)(A)) forall Ae A, st eR.

(1) For |t] < sTa[,» We show that (ozj{i,t)A@Zd is Cauchy for each fixed A € Aj,.. We

denote the limit o (A).
(2) For t € R, we have ||Oéji€,t(A)H = ||A|| for all A, so ||a]| = 1.

(3) We use the group property to extend ag’ to the whole real line.
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