
Infinite-volume setting : observables
,
interactions

,

states

Context : For 1Z
,

we have

· Hilbert space I=

· Hamiltonian : H=x

· Gibbs state : (A)= Tr AEBUn

As 1/Id : Had not useful (not separable !(

Ha not defined
.

Classical spin systems : Gd ,
DLR measures .

Does not work here .



Local observables

Given Xe
,

let Hx =x (23
+

Ax = B((x)

If XCY : Injection 1 : ex-o My

LA = A 1YX

Exercise : Show that 11-All = 11 All
.

Algebra of local observables : inductive unionAtwo = V Ax .

XeXd

Algebra of quasi-local observables : A = A
norm

,

the norm completion.

Then if At A
,

J Cauchy sequence And Exu sit
. DA-Aull + 0

as he so



Remark : A has the structure of a Banach C*

algebra.

Translations : Ey : Ex - Hex
+y yea

2= ex = 0 Ex+y
XEX XX

This extends to operators :

: B(2x) + B(&x
+3)

E
,
A is the operator such that

(A) l = 2
, )Azj()

A

Ex+7

The translation is a A-automorphism :

> (AB) = 2
,
A 1

,
B and KA) = 2

y
A*



Interactions

An interaction I is collection (Ex)
Xe9

where Exe Ax

An interaction is translation-invariant if Zydx = ex
+y

All our interactions are translation-invariant.

Two norms of interactions-
S

114xII
IIIIII = Exo IXI

(then Ge I

1= Ne,oe



Hamiltonians & finite-volume Gibbs states

Given GeI and 1 & let

n

CATTr



Infinite-volume states

These are states on A (the algebra of quasilocal obs.

(

Exercise : States have norm 1
.

Gibbs state :



Examples

Ising model : ex=Six-we? h if X = Ex ?

O oth
.

Then H is the Ising hamiltonian with free b . c.

Heisenberg model :

&=?



Main goals & relevant questions

A model is given by an interaction I = (EX) or a family of

interactions (4).

· For given B>0 ,

how many
infinite-volume Gibbs states ?

· Properties of the Gibbs states
,
and of the correlation functions ?

Partial answers :

· A common general theory (extremal states
,

.. )
.

· More detailed results for specific models.

First step : Various characterisations ofso-vol
.

Gibbs states
.



Recall : finite fixed domain :

Gibbs state:Ar = Es Tr AESH

All characterisations can be generalised to infinite volumes !
Here : (a) and (c)



nike-volumefree energy tr(A1r)
Free energy as

function of the interactions : = trxA

- diseTi

Proof : (a) Glad + b+, )= logTrElla
- aBH-bBHT

↳ Tr eastb = yeah blaTre 2

Golden-Thompson
Holder

& leashell Il ebly = (Treey Grisy"



& (ad + b +, B) >- sir a log TreBr -in blog ..

= a G(d
,
B) + bf( +, B)

(b) We use Tr eA-IP : Tr eA + B ? Tr eA + Bl

A = -Bu
,
B = SH-BH

18 (0, 3) - fi)1 = in 149-mell

-11:-
=-Cl

x

1
= In 111d-k'Ill

.

↳



Infinite-volume limit of(3)
on

⑰

↳

Fundamental result in Statistical Mechanics !

This is a gate from the microscopic to the macroscopic World !



For the proof ,
we use :

1s

L

Et

Proof of Theorem 3
.
9 :N

K

11B11 : [ UdXIII I . 10 ,Mil= /

X11i +0

X1i

lico, )-Milocal : 114112 ,
111 . I



Gibbs states as tangent functional

Given to I ,
let An

.
in

Note : 11 Ay11 : 111 *III
.

Remark :W saw that <.= Tr ·
BU satisfies

&

1
,B

--

-> <Ar) as 1I!

The "cluster point Gibbs states" are then tangent states !



KMS states

Recall :

Given an interaction be I ,
let

(for AE An .

)

# first show the existence of the limit 11I?



Infinite-volume limit of the evolution operator

u

Proof :



Let At Ay
.
W show that (a (A)next is

Canchy .

Cir(A) =
eithithit is

= [4X , [QX, ,
. . [QX
,
A]

.. ]
X, ,

. .

.,
Xnd

Xz

For the commutators to be f 0 : 00X
X ,
nY + 0 ⑦

X21(X, VY) + y

i

Xn 1 (X , U ... UX , 0Y) # &



Then

Cr(A)= )
X

, , . .,Xn z0

z
a [KXn

+xn ,
[PX

. +x .. ...
[PxxA].]

X . . . .Xu E I

Xi +x=
21

X
,
+X ,

Xi
There are no more than ⑧#I 1 141 choices for X ,

(1 ((x
, 1 + 151) choices for X2

S

1 Xul (IX,
1 + - + (Xn-11 + 151) choices for Xu



26 get

IIxo(ii) [ [x+... [0X., ,A]..//X,- - Xn

Xi +xic1

= NAI2"[
X.
xezol+ 114x: 1

& n ! r"er(1x+..+)

E All ern ! (2jn

C .. converges whenI &

11

Chr(A) - Cr(A) : #>


