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Hubbard hamiltonian:
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LEMMA 3.15 (Lie-Schwinger multicommutator expansion). Let A and B be two
operators on the same finite-dimensional Hilbert space. Then
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A state on H is a positive, normalised linear functional on B(H); that is, it is a
map (-) : B(H) — C that is

(i) linear: (sA +tB) = s{(A) +t(B) for all s,t € C and A, B € B(H);

)
(ii) positive: (A*A) > 0 for all A € B(H);
(iii) normalised: (1) = 1.
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PrROPOSITION 3.1 (Riesz representation of states). Let (-) be a state on

a Hilbert space H. Then there exists a unique density operator p such that

(A) = TrpA for all A € B(H).
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PROPOSITION 3.3. The Gibbs state (-)p s is the unique state (-) = Tr - p satis-
fying any of the following four conditions:
(a) Tange‘_rllt condition: Let Fg(H) := —% log Tr e P . Then Fg(H+A) <
F3(A) + (A) for all A= A* € B(H).
(b) Gibbs variational principle: The density matriz p minimizes the func-
tion Fg(p) :=Tr Hp + %Trplog p.

(c) KMS condition: Define the time evolution
U00- ur)‘;n- C. W;V\ e < o
Fube Tt e op(A) = eH A7 € (C
Then (AB) = (B aig(A)) for all A, B € B(H).
(d) RAS condition: For all A € B(H) such that (AA*) > 0,
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PROPOSITION 3.3. The Gibbs state () g is the unique state (-) = Tr - p satis-
fying any of the following four conditions:

(¢) KMS condition: Define the time evolution
oy (A) = et A1t t e C.
Then (AB) = (B aig(A)) for all A,B € B(H).
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