
Lattice fermion systems
+States & Gibbs states (finite volume)

* Today's slides are already online .

* Tuesday 25 November : no Lectures !

Options : 1
.
One more lecture on 9 December

.

~

2
. Extend2 Lectures by 1 hour.

3. Extend remaining lectures to
65 + 65 minutes (instead of 55 + 553

4. Do nothing .



Lattice fermions - Hubbard model

Electrons (fermions) carrying spins.
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Creation & annihilation operators
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They satisfy the Canonical Anticommutation Relations (CAR) :
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,
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= AB+BA

Particle number operator : nx=

Usefull expression for basis rectors :

(with (x,5.< ... ((X .) (
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Phase diagram : complicated , it depends on the lattice,
and may

include phases displaying ferromagnetism,
antiferromagnetism/ferrimagnetism

, superconductivity,..

Here : We explain antiferromagnetism due to

"Anderson superexchange" .



Spin operators :

Then and X
[1

Itfollows from CAR that
Zi

Some important symmetries : 4x = nx + + nxd

!
Consequences : (S& = 0

, L = 0, he = 0



2relation between Hubbard and Heisenberg antiferromagnet
W use Lie-Schwinger expansion .
The "adjoint operation" :

Then where

X IA ,
[A , .. [A ,

BS ... 3



Back to the Hubbard model (at half-filling)

M = H ++Tr :

Let Su = -S and Un = etSe Cit is unitary) .

From Lie-Schwinger :
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Also :

It follows that

becomes

One calculates matrix elements of Sxy :



Let &" the projector onto the subspace with one particle per site :

The matrix elements restricted to the subspace are :

Then



States & equilibrium states

A state is a linear functional on a C
*

algebra that
is positive and normalised.

An equilibrium state or Gibbs state is a stake that satisfies
certain extra conditions.

Plan : o States & equilibrium states with finite-dimensional
Hilbert space (i

. e. finite volume) .

· Extend notions to infinite volumes.



States on B(J)

It : Hilbert space , dim 300.

B(J) : space
of operators (matrices) on I.

Recall that llAll = sup I and A60 (AV0 Nvez.
veJ

Motation : States are usually denoted <. ) . Sometimes & (.) .
Facts the norm of a state is 1 : /12.1 =Sup!



If
so is a density matrix (i

. e
. 140 and Tre = 1),

then
(A) = Try A

is clearly a state.

Proof : Introduce Hilbert-Schmidt inner product :
(A

, B) # Tr A
*
B

Then by Riesz
, an

liner fational is represented by
a matrix est. <A) = <p ,

A) = Trg
&

A.

If A = 1) (v) : 0S < IK = Tra*>cul = 2v
, pr7

=> e
*

30 = =p+ 0 . 1 = (1) : Trp1 =Try . L



Gibbs states on B(31)

Given the hamiltonian H = H
*

c B(2) ,

and the inverse temperature B30 ,
consider the density matrix

↓ - BH
Zs = Trest

D =

z
2

The Gibbs state is

↑
"partition function" H=

- BH
(A) = LA)us = TreA = Tr Ae

Motivation :
Not straightforward.

Average energy : (H) = ETr HeBH J

For large systems, it takes typical values
,
so
the Gibbs state is

essentially an

average over configurations with correct energy.



Characterisation of Gibbs states

Main interest : these notions will extend to infinite volumes.

H

Kubo-Martin-Schwinger

Roepstorff-Araki-Sewell

Remarks : Fr (H) is the free energy.

· Fr(g) is also the free energy.



Proof of (a)
,

(b)
,
(d) : exercises

·

Proof of Prop .

3
.
3 (c) :

① :A = Tr a ebh t then Ki9S

Bairla = Es TreehA--
=En Tr Ar edh = (AB)



② Kis - Gibbs : Letp st . (A) = Try A .

Tod AlB Tre B EBNAeth = Trletaets)B

then A = eRUABHe X A

E eBHeA = A eBhe [e ,
A] = 0

- BHThen eble = <1 = p
= ce

Top = 1 + c = Green) " I

Next week : extend Gibbs states to infinite volumes.
· Space of "quasi-local operators" .
· Infinite-volume free

energy, entropy , evolution .


