
Lattice systems of particles

· Setting for fermions & bosons

· Bose - Einstein condensation

(for non-interacting bosons

· The Hubbard model

Irelation to Heisenberg antiferromagnet)



Fermionic & bosonic systems
In Physics

,
particles are either fermions (electrons

, ..
) or

bosons (e .g. He")

·I particle on 1[* : Hrz = (1)

· n distinguishable particles : In=(1) = e()

· n bosons : Th = P Hrn
· n fermions : Jen = P

. In

See the lecture notes for details.

Here : we build the setting with occupation numbers & creation
,

annihilation operators



Hilbert spaces

Nt = (nxxen : n, 2↑
2M = E (nxixen : nx e 30

,1,n

Then Je = (N

Fock spaces : for variable numbers of particles

F(
+)
=,
= eiN( = eIN"



Creation & annihilation operators

Bosons : ax
:In-in

ax(n) = S Ex In-Sx) if n I

O if nx = 0=
(nxxen

(here : n = (nx) eN

: Jan
a* (n) = (nx + 1 (n + Sx)

More : aax In) = nx In)



Fermions : Let be an order on 1

: n Hin

2x(x) = [ -v In - Sx) if n = 1S if ux = 0

(-)

: Hin - Int

(n)= ( +S) if m=E if nx = 1

Note : c* (x(n) = nx (n)



Commutation relations

The bosonic operators satisfy the Canonical Commutation

Relations (CCR) :

[ax
, ay] = 0 , [ ] = 0

,
[ax

, a] = Sx

The fermionic operators satisfy the Canonical

Anticommutation Relations (CAR) :

[ ,? = 0
,
P, Y = 0

,
<, 3 = Sx



The Bose-Hubbard model

= atax
On Jet or F ↑
Hu = - 2, (aay + ax) + IU(x-1) -Mxy = 2n

M
A

3u-
Mott insulating phases
-

28 - L

U-

B=2 superfluid Remark : In the limit U+o ,

(BEC)
we get hard-core bosons

,

r = 1
equivalent to the quantum XY spin

g D ↓
model

p
=0



Bose-Einstein condensation

First description of a phase transition (Einstein '25)

W show two properties :
· The free energy is not analytic

· There is "off-diagonal long range order"

- BM
Free energy : h (B) = -sir los Tr (e

21
,9111
X Lois

f( ,p) = lim f(R ,p)
1



Here : He =-+

Pressure : Pr(s ,M)= logenit
p(B ,m) = lim pulp ,M)

1 &&

Fact : (mone soon ! ) The limits 14** exist.

Theorem

Pressure & free energy are
related by Legendre transforms :

·R .p)=sup (pM- p(RM)

pum) = Sup(Bpu - Bf(2,)



Ideas behind the proof : Laplace principle.

Let us consider plpm) = sup(Bpr-f(R, 0)).
M

From the definition : ↓ 111

Prism) = T , los I eBun-
~

EggendeIn

Impris) =im i ly ese-speed

↳ In log erlsup(Bom-Bhpp)

For the
upper bound, one needs to control flsp) for larges .



Pressure of the ideal (non-interacting) Bose gas
Consider H1 = -  (a+x)+

where 1 = 10 , ..., 11 per and En : set of necrest-neighbours

Fourier transform of ax ,
ad :

an = i Z, eik ax her = (2 - E+, .... 29
XE1

C[-i , itjdX

: eina

Then ax=Zen This can be written as a unitary
transformation Pe(1) -> PC (1** )

-
ihx - x ->an an has eigenvalues 0

,
1
,
2, ...= ne an



H = [, (h) an
he 1

*

[c-coski) En0

Pre = inlog] eB -u) na
Suns

(nn)ke1* k=u : Ze

d
nosc

= in log(El n

= in Ze logi

1 +
0 - i Snak log(1 -excainm))



·

The free
energy is not always analytic !

The density p(s ,M) is
↓

-

· (m) = En plsm)=desi,↓
Critical density :(c(R)=im )=



Broken symmetry/long-range order

Recall that Mr =-La+

Notice that [M ,
Wn] = 0.

T

=2x
This implies a continuous symmetry :

He = giON Heen be [0
,2)

Relevant correlation function :
-BH

Lasn=To a
,
e

21
,
n

As 1T2d with n = e (11 , does Laay) decays to 0

as (x-y1 -0 ?



Existence of long-range order lideal Bose gas

Consequence : Loax) for 0 as W + 0
,
when espc .

&
~ (a) (ax) = 0

Prof : We again work with the Fourier transforms
of creation & annihilation operators·

= Ta



EIN]=En PIN =n]

= [IPIN =n]
n> 1

=I PIN

=PIN, is

I

& ratio : I

1+
079 -

For the converse inequality :

If n> max10 , p-pc) : IPInocein] < el's
,
with So

.

Then inEIno] < max(0
, p - pc) I


