
Introduction to Quantum Lattice Systems

Daniel Weltschi (Warwick)

Information :
· Online lectures Tuesdays 10-12 except 25 Mov .

· Lecture notes

· Assessment on demand

Topics :
· Quantum Spin systems (XY, Heisenberg)
Phase diagrams

· Fermionic & bosonic systems
· Equilibrium states (general theory (
· Uniqueness / non uniqueness
· Mean-field systems
· 2D systems with continuous symmetry (Mermin-Wagner)



Background :

· Electronic properties of condensed matter

· Mone specifically : Magnetism

· Physicists' approach : simplified models and

description by Statistical Mechanics

· Not an exact description of Nature !

But important nonetheless.
In fact

, very
attractive for mathematicians :

models have most interesting features and
properties , they involve many domains
(probability theory, analysis, algebra , combinatories, ...)



· Much interest in recent years , underlined by

the Fields medals of Wendelin Werner (106),

Stanislav Smirnov ('10)
,

Martin Hairer (114)
,

Hugo Duminil-Copin ('22)



Brief history of magnetism 1/2

Mayrizis 2100s

First mentioned by Thales of Miletus
(625 - 545 B

.

C
. )

Mentioned in a Chinese text
,

4th Century B.C.

Indian medical text Sushrata Samhita (before 3rd Century A .D) ::

magnetite can be used to remove arrows from a body.



Brief history of magnetism 2/2

11th century AD : Shen kno writes about a magnetite needle used
as compass .

1269 : First treatise on magnets, Epistola de magnete by Pierre de Maricourt.

1282 : Magnets described by the Yemeni Al-Ashraf Umar.

1600 : De Magnete , Magneticisque Corporibus, et de Magno Magnete Tellure by William
Gilbert

.
He understands that the Earth is magnetic .

(It was previously suggested
that Earth's magnetic field was due to Polaris

,
or to a magnetic island in the North Pole.

1819 : Hans Christian Orsted understands that magnetism is related
to electricity
.

Then
many important studies by Ampere , Gauss

,

Biot
,
Savart,

Faraday , Maxwell, ...



Spin matrices [A , B] = AB-BA

On K"
,
we introduce :

SY
,
S
,
Sz

3) EN
,
n = 23 +++

↑
yes +1

Such matrices exist ! (See notes)

Examples : n=2 : S = to =- (4)
,

S= (ii)
,

:(2)
[sis]= (2) - (i) = =(i) =is

01 0

(n = 3 : s=% ,s



Properties of spin matrices

On "
,
n = 2] +, Je II

Proof : W proce
that"has eigenvalues 1-3

,
--

,
34

let St = S + is
,
5 = S- is

?

S
+ 5 = ](3+ ) - (2 + 53

5 St = j(3 + 1) - [S3)" - si

let las an eigenvector of 3

1) St1)/1 = <als+ (c) = 3 (3 + 1) - a2-a30

11 5 (a) 11
2
= + a30

=> Cal = ]



Next : 5
+ 1a) + 0 if a + 3

Sist- Sts3

-[S3
,
St] = St

Then "Sila) = (Sts + St) (a)

= (a+1)S
+
(a)

&
a+ 1 att

↳.0 > IR
3 I J

a = J- k

The , a -]
, ...
33

.

And given a +], att is er.

I



Rotation of spins

Let CIR and : Sa=. = a ,

S + ass + as S

Then [S
,

Sj = = gax

I a

Proof :

Replace a withsa.

s

in->
- is :s gie

- Rsb R : 5is-S
& = S

d~ angle is I'll

ds
=
iss
Gisj)s + $(is]) eisij-

-
1

=

=itseiss gb ein * ]
-R = (GR). = xRs . j = sixReb--i[si sais [



Spin systems (with several spins)

2 equivalent definitions : · Tensor product of Hilbert spaces
· Hilbert

space spanned by classical spin configurations

Tensor products :
If It

, andJe are two Hilbert spaces , then J ,He consists

of rectors of the form vow with veIt
, weien

,

and of their linear combinations.

Inner product on11 .07h : If v
,
v'eE

,
and w, we ihe

,

then

Crow/view'sobe" Lvivise
,
Lwiwsze

This exhands by linearity to general rectors in J ,H2.



Let 12*

The Hilbert space of the spin system on 1 is Th=

Spin operators : S where xe1 and i = 1
,
2
,
3. I

Si = Sie #x
Do-"

site T
If v==x

:
site
h

XE1

S
S = vx0 ...vSv.

=S
in



Linear
span

of classical spin configurations :

Es. 3= t

A classical configuration is w = (wx(xen 1 We], . . ..33

Let Men = -3, . . ., 381 and Sh= spand -

Dirac notation : If wern ,

let libe Me

Then Elm)
wer

is a basis of I IV = spenil,...,n)

Remark : dim I=or = (23 + 13111
111 = 1020

Spin operators (n =2) : Six (w) = <w* )

S1w) = inxIw()

S(m) = w
- Iw >



XYZ Hamitonian

Hin = - [, (3'S+S +S ) -hi
xy Es

Special cases :
· n = 2 and J=

2

= 0 : Classical Ising (or Lenz-Ising)

· '==: Quantum Heisenberg model



Gibbs states & correlation functions

Let B ? 0 : Inverse temperature

Equilibrium state (Gibbs state) :
the

map B(J) -a I given by

Airin = Enisin Tr A esHein
where the partition function is

Zi Bin = Tre estein .



Total magnetisation operator : M=

Average magnetisation : Musin
= in Mu

, Bin

Spontaneous magnetisation : m =lim lima misis

-sizs
Two-point correlation : (SShzen



Phase diagrams Hin = -(SSSS)-n






