CHAPTER 6

Correlation functions

Correlation functions give information about the nature of phases. We collect
here some properties of correlation functions for the class of models defined in Eq.
(4.5). With Zy = Tr e #f» denoting the partition function, the correlation func-
tions at inverse temperature 3 are given by

o 1 o
(SpSey = ZTr SiSE e=AHA (6.1)

1. Correlation inequalities

It is natural to expect that correlations are stronger among those components of
the spins that correspond to stronger coupling parameters in the Hamiltonian. This
is the content of the next theorem.

THEOREM 6.1. Assume that, for all z,y € A, the couplings satisfy
2 1
|ny‘ < ny'
Then we have that
|(S552)] < (S0Sa),
for all x € A. More generally, for all x1,...2 € A and j1,...,jx €

11,2} | |
[(Sa ST = (S S,

Further inequalities can be generated using symmetries. Some inequalities hold
for the staggered two-point function (—1)#1(S§S%). The proof can be found after
that of Trotter’s product formula, which is needed.

PROPOSITION 6.2 (Trotter formula). Let A, B be N x N matrices. Then
B = lim (e%A e%ByL = lim [(1 + %A) e%B}n.

n—oo n—oo

PrOOF. We prove the second formula — the mild changes for the first formula
are straightforward. First, we have

B (141(A+B))" = znj i(A+B)’f(1—”(” — - (et 1>)+ 3 %(A+B)k.

k! nk
k=0 E>n+1

(6.2)

21
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The norm of the right side clearly vanishes as n — oo. Next, let K, be the matrix
such that
1
(1—{—%14) enB — 1+—(A+ B)+ K,. (6.3)
n

It is clear that ||K,| = O(=). We have
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A+B)" = (1+5(A+B)+K,)" = (1+ £(A+B))"
- /ldsd(l + 5 (A+ B) + sKy)"
0

1
N / ds Y (1+2(A+ B) + sK,) Ko (14 2(A+ B) +sK,)" "
0

(6.4)

Consequently,

[(a+iayen?)"— (14 L4+ B)"

n—1 .1
< Z/ As|[1+ L(A+ B) + sKo || K.
k=00

(6.5)

‘We have
11+ L(A+B) + sk, ||" ™" < (14 2| A+ Bl + | Kn)" " — elA+51 (6.6)

so that the right side of Eq. (6.5) is less than a constant times nl|| K, ||, which vanishes
in the limit n — oo. O

PRrROOF OF THEOREM 6.1. Let |a), a € {—S,..., S} denote the eigenvectors of
53 and recall the operators ST defined before. The matrix elements of S, S* are
all nonnegative, and the matrix elements of S? are all less than or equal to those
of S in absolute values. Using the Trotter formula and multiple resolutions of the
identity, we have

|Tr 5352 ¢ PHa | < lim > CORGREY

N—o0
0050, 0 NE{—S,...,SIA

<gl|e%zJ§zS§S§ ’0-1><0-1|<1_|_ ﬁ Z (Jl Slsl +J2 5252))|0_2>

N Yy="y -z Yyz-y-z
y,zEN
B 3 g3g3 ﬁ
Aon|eX BB anon| (14 5 Y (.8,58 +5.5,52)) o) |
y,zEA

6.7)

Observe that the matrix elements of all operators are nonnegative, except for Sgsg.
Indeed, this follows from

Ty Sy S+ 07,5257 = 1(Jy, — o) (S5 ST+ 8, 87) + 1 (. + J0) (S S, + 5, 55).

yz-yz yz=y oz
(6-8)
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We get an upper bound for the right side of (6.7) by replacing |(c¢|S352%|o1)| with
(00|S3Sk|o1). We have obtained

| Tr S352 e PHA | < Tr S§SLe PHA (6.9)

which proves the first claim. The second claim can be proved exactly the same
way. U

COROLLARY 6.3. Assume that for all x,y € A, the couplings satisfy
Jay =2, 2 0.

Then we have for all z,y,z,u € A

5252y < SpSz)-
a‘]xly< Z u> = a‘]xly< 0 m>
PrOOF. For i =1,2,3, we have
1 0 o o o
BW@;%) = (5,5, SLSL) — (53S9, (SLSL), (6.10)
zy
where (A, B) denotes the Duhamel two-point function,
1 1
(A,B) = Z/ Tr Ae *PHr Be=(=9)BHa g, (6.11)
A JoO
It is not hard to extend the proof of Theorem 6.1 to the Duhamel function, so that
(S35, S252)| < (S1S,, S1Sh). (6.12)
Further, we have (S252) = (S1Sl) by symmetry. The result follows. O

2. Decay of correlations due to symmetries

In this section we prove a variant of the Mermin-Wagner theorem. The result
applies to systems that are effectively two-dimensional.

We assume that J;y = Jf:y for all z,y. The decay of correlations is measured by
the following expression:

E5(x) = sup [gbo —BS% Y | Jy.I(cosh(y — ¢.) — 1) . (6.13)
(‘b(g)i%j\ y,zEA

The solution of this variational problem is essentially a discrete harmonic function.
We can estimate it explicitly in the case of “2D-like” graphs with nearest-neighbor
couplings. Let A denote a graph, i.e. a finite set of vertices and a set of edges, and let
d(z,y) denote the graph distance, i.e. the length of the shortest path that connects
x and y.
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LEMMA 6.4. Assume that J};y = 0 whenever d(z,y) > 2 and let J =
max |J,, |. Assume in addition that there exists a constant K such that,
for any E eN,

#{{m,y} CA:d0,2) =2 and d(0,y) = ¢ + 1} < KV/.

Then there exists C = C(3,S, J, K), which does not depend on x, such
that

1
> ———log(d 1) - C.
&s(z) > RFTSK og( (0,2) + ) C
ProoF. With ¢ to be chosen later, let

clog( )H if d(0,y) < d(0,x),
gy = e 10 0

(6.14)
0 otherwise.
Then
d(0,z)—1
¢s(z) > clog(d(0,x) + 1) — 28S*JK Z (cosh(clog gﬁ) 1)L. (6.15)
=0

From Taylor expansions of the logarithm and of the hyperbolic cosine, there exist
C, C’ such that

d(0,z)
1
&5(x) > clog(d(0,2) +1) — 28S*JKc* Y~ 5 —C'
et /A (6.16)
> [c —2B5%JKc*] log(d(0,2) + 1) — C.
The optimal choice is ¢ = (48S2JK)~!. O

THEOREM 6.5. Assume that J%y = ng for all x,y € A. Then, for
i =1,2, we have

[(SESEY| < 252 e %@,

In the case of 2D-like graphs, we can use Lemma 6.4 and we obtain algebraic
decay with a power greater than (84.JS5?K)~!

The proof uses the Holder inequality for traces, which can be proved using chess-
board estimates. Recall that the “absolute value” of a matrix is |A| = (A*A)%, where
the square root of a nonnegative hermitian matrix can be defined by diagonalising
and taking the square root of the eigenvalues. The p-norm of a matrix is then defined
as || A, = (Tr|A[P)Y/P. Notice that lim, . || A, = [|A]|.

PROPOSITION 6.6 (Hoélder inequality for matrices). If 1 < p,q,r < o0
with 1% + % = %, we have

IAB]» < | Allpl|Bllq-
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It follows from a simple induction that

n n
ITT4)|| < TT14s0, @1
j=1 j=1
whenever 1 < r,p1,...,p, with Z?:l z% = % There are no short proofs of Holder’s
J

inequality for matrices. We prove below Eq. (6.17) for » = 1 only. It implies
Proposition 6.6 for r € N and it is enough for the purpose of proving Theorem 6.5.
The proof is due to Frohlich [1978] and it uses chessboard estimates.

LEMMA 6.7 (Chessboard estimate). For any n € N and any matrices
Aq, ..., Ay, we have

2 1/2n
| T Av . Asa| < TT(Tr (Aia)") "
=1

PROOF. Since (A4, B) — Tr A*B is an inner product, the following inequality
follows from Cauchy-Schwarz:

I Tr Ay ... Aog|” < Tr (Ar .o Ag AL AT) T (Aby . A At Agy). (6a8)

This allows to use a reflection positivity argument. It is enough to prove the in-
equality for matrices that satisfy Tr(A4;A)" = 1; the general result follows from
scaling.

Let Ay, ..., A2, be matrices that maximise |Tr A; ... Ag, |, with maximum num-
ber of matching neighbours 4,11 = A}. Suppose there exists an index j such that
Ajy1 # Aj. Using cyclicity, we can assume that j = n. By the inequality (6.18),

Aty Any Ay AT and A5 A L A, -, Aoy are also maximisers. At
least one has strictly more matching neighbours, hence a contradiction. The maxi-
mum is then Tr (AA*)™ for some matrix A, which is equal to 1. O

Chessboard estimates allow to prove the case r = 1 of Holder’s inequality.

COROLLARY 6.8. We have
n
Tr Ay An < T 1 Aillm,
=1

for all n and all rational m;’s such that y ;" , m% =1
PROOF. Let ¢ be a positive integer such that 2¢/m; is integer for all i. Let
A; = U;|A;| be the polar decomposition of A;, and let

B; = | A%, B; = Ui|A;|™ /2. (6.19)
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Then A; = BiBi(zf/mi)—l

, and we have
|TrAy...Ap| = |TxB1By...By...B, B, ... B,

(2¢/m1)—1 (20/mn)—1

n
< H (Tr|A; |m1)1/mz (6.20)

1
s T

[ Aillm,

.
Il
—

The inequality follows from Lemma 6.7 and from the identities
Tr (B;B})" = Tr (B;B})" = Tr | 4;|™. (6.21)
O
LEMMA 6.9. Let r,r’" € [1,00] such that % + % = 1. Then for any square matriz
A, we have

|All, = sup TrC*A.
ICll, =1

PRrROOF. The right side is smaller by Corollary 6.8:
‘TrC*A‘ < Cll [l Allr = [[Allr- (6.22)

In order to check that this inequality is saturated, let A = U|A| be the polar de-
composition of A, and choose C = ||A||1~"U|A|"~!. Then ||C||,, =1 and TrC*A =
1Al O

PROOF OF PROPOSITION 6.6. Starting with Lemma 6.9 and then using Corol-
lary 6.8, we have

|AB|, = sup TrC*AB

=1 629
< sup [|Clw || Allp[|Bllg-
=1
0

PROOF OF THEOREM 6.5. We use the method of complex rotations. Let
Si Sl + 152 (6.24)

One can check that for any a € C, we have
3 3
eaSy S;t e—aSy _

= ¢t S;E. (6.25)
The Hamiltonian (4.5) can be rewritten as
Hy =5 ) (.57 5. + J5.5552) (6.20)
y,2EN
Given numbers ¢y, let
A= H %Sy . (6.27)

yEA
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Then )
Tr Sg S, e PHr = Tr ASf S, At e PAHAAT (6.28)
We now compute the rotated Hamiltonian.

AHNAT = =1 )~ (), efv % S8 4 72 5359)

yzPytz
y7zE/\
= Hy— 3 Y Jy.(cosh(¢y — @) —1) S S0 —§ D Jy, sinh(¢y, — ¢.) S5
y,z€N y,zEAN
= HA + B+ C.
(6.29)
Notice that B* = B and C* = —C. We obtain
Tr Sg S, e PHA — eP0=¢o Ty Sq S, e PHA=BB=BC (6.30)

We now estimate the trace in the right side using the Trotter product formula and
the Holder inequality for traces. Recall that || B||s = (Tr |B|*)"/*, with || B||o = || B||
being the usual operator norm.

N
TrSSrS; e BHA=BB=BC _ lim TrS+S;(e_%HA e_%B e_%c>

_B _ﬁ _Bo N

SR ol N e Sl N e W (e A
(6.31)
Observe now that ||S; S, || = 252, HefﬁHA N = Za, ||e7%B IV < ePIBI and

|e” xC || = 1. The theorem then follows from
IBIl < 8% [J;.](cosh(y — ¢2) — 1). (6.32)
y,z€A

(]

EXERCISE 6.1.
(i) Show that Eq. (6.17) follows from Proposition 6.6.
(ii) Show that Proposition 6.6 for r € 2N follows from Eq. (6.17) for r = 1.

EXERCISE 6.2. Magnetisation and correlation functions. Let mp denote the
magnetisation operator in the 3rd spin direction'

Al g2 5

TzEA

ma =

(i) Show that (mp) = 0 because of symmetries.

(ii) Observe that (m3) = ﬁ Z%yeA<S§S§’>. Assume that |(S§’S§’>] < q(Jlz—yl)
uniformly in A, for some function q that satisfies q(r) — 0 asr — oo. Show
that

lim sup{ | = 0.
A7



