Fourier Analysis (MA433) — Autumn 2013 Daniel Ueltschi

Assignment 8

1. Fast Fourier transform. Show that, for N = 3", the coefficients a]kv can be
computed with less than 6NV logs IV operations. What about N = 4",5"...7

2. Let e be a character on the group Z(N). Show that there exists a unique

0 < /¢ < N — 1 such that
€(k) — eQﬂiEk/N

for all £ € Z(N). Conversely, every such function is a character. (Hint:
Show that e(1) is the Nth root of 1.)

3. Infinite abelian groups S' and R. A character here is a continuous
function e that satisfies |e(x)| = 1 and e(z + y) = e(x)e(y).

(a) Prove that all characters on S! are given by

en (ZL‘) — e27rin:v

with n € Z.

(Hint: If f is continuous and f(z +y) = f(x)f(y), then f is dif-
ferentiable. To see this, note that if f(0) # 0, then for small §,
c = foéf(y)dy # 0 and cf(z) = fgf”f(y)dy. Differentiate to con-
clude that f(z) = e4* for some A.)

(b) Prove that all characters on R are of the form

ek(x) — eQﬂ'ikiE
with k € R.

4. Let G be a finite abelian group and e : G — C a function that satisfies
e(a-b) = e(a)e(d) for all a,b € G. Prove that e is either identically zero, or
e never vanishes. In the second case, show that, for each a, e(a) = e*™" for
some rational 7 of the form r = p/|G|, p € N.

5. The convolution of two functions f,g € ¢?(G) where G is is a finite
abelian group, is defined by

(f + 9)(a) = 61” S f)gla-b7Y).

Show that

for all characters e € G.



