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Define the Landau kernels by

(1 sz)”
Ly (z) = Cn
0 if |[z] > 1,

if —1<z<1,

where ¢, is chosen so that ffooc L, (z)dx = 1. Prove that {L,},>0 is a family
of good kernels as n — co. As a result, show that if f is a continuous func-
tion supported in [—1/2,1/2], then (f * L,)(z) is a sequence of polynomials on
[—1/2,1/2] which converges uniformly to f.

[Hint: First show that ¢, > 2/(n+1).]

11. Suppose that u is the solution to the heat equation given by u = f * H;
where f € S(R). If we also set u(z,0) = f(z), prove that  is continuous on the
closure of the upper half-plane, and vanishes at infinity, that is,

u(z,t) =0 as|z|+t— oo.

[Hint: To prove that u vanishes at infinity, show that (i) |u(z,t)| < C/+/t and (ii)
lu(z, 1) < C/(1 + |z[?) + Ct=Y2e=<**/t. Use (i) when |z| < t, and (i) other-
wise.]

12. Show that the function defined by
u(z,t) = %Ht(aﬁ)

satisfies the heat equation for ¢ > 0 and lim;_qu(z,t) = 0 for every z, but u is
not continuous at the origin.

[Hint: Approach the origin with (z,t) on the parabola z2/4t = ¢ where ¢ is a
constant.]

13. Prove the following uniqueness theorem for harmonic functions in the strip
{(z,y): 0 <y <1, —o0o<ax<oo}: if uis harmonic in the strip, continuous on
its closure with u(x,0) = u(x,1) =0 for all z € R, and u vanishes at infinity,
then u = 0.

14. Prove that the periodization of the Fejér kernel Fx on the real line (Exer-
cise 9) is equal to the Fejér kernel for periodic functions of period 1. In other
words,

> Fn(x+n)=Fn(z),
n=—oo
when N > 1 is an integer, and where

N L
n ; 1 sin“(Nwx
Fy(@)= Y (1_%) (zmine _ L s (Nmz)

= —
Rt N sin®(mz)
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15. This exercise provides another example of periodization.

(a) Apply the Poisson summation formula to the function g in Exercise 2 to
obtain

> 2

1 T
Z (n+a)?  (sinwa)?

n=—oo
whenever « is real, but not equal to an integer.

(b) Prove as a consequence that

> 1 ™
(15) Z (n+a) ~ tanna

n=-—00

whenever « is real but not equal to an integer. [Hint: First prove it when
0 < a< 1. To do so, integrate the formula in (b). What is the precise
meaning of the series on the left-hand side of (15)7 Evaluate at o = 1/2.]

16. The Dirichlet kernel on the real line is defined by

sin(2m Rx)

T

R
/ HOET e = (£« Dr)(a)  sothat Dile) = X (o) =

Also, the modified Dirichlet kernel for periodic functions of period 1 is defined
by

. 1 . .
D}“\,(x) _ Z e27‘rznz + 5(6—27r1Na: + 627”NZ).
In|<N-1

Show that the result in Exercise 15 gives

S Dy(a+n) = Di(x).

n=-—00

where N > 1 is an integer, and the infinite series must be summed symmetrically.
In other words, the periodization of Dy is the modified Dirichlet kernel D3,.

17. The gamma function is defined for s > 0 by

F(s):/ e x5l da.
0

(a) Show that for s> 0 the above integral makes sense, that is, that the
following two limits exist:

1 A
lim ez ldr and lim e 25 L dx.
§—0 5 A—o0 1
5>0
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(b) Prove that I'(s 4+ 1) = sI'(s) whenever s > 0, and conclude that for every
integer n > 1 we have I'(n + 1) = nl.

(c) Show that

Hint: For (c), use [°° e dy = 1.
— 00

18. The zeta function is defined for s > 1 by ((s) = - 1/n®. Verify the
identity

72T (s/2)¢(s) = %/ t271(9(t) —1)dt  whenever s > 1
0

where ' and 9 are the gamma and theta functions, respectively:

oo

F(s):/ e ldt  and  O(s) = Z e~ s,
0

n=-—oo

More about the zeta function and its relation to the prime number theorem can
be found in Book II.

19. The following is a variant of the calculation of ((2m) =~ | 1/n*™ found
in Problem 4, Chapter 3.

(a) Apply the Poisson summation formula to f(z)=1t/(m(z*+t%))
and f(€) = e~ 2"l where t > 0 in order to get

[e’e}

FY e

n=—oo n=—oo

(b) Prove the following identity valid for 0 < ¢ < 1:

o]

1 «— t 12

- — = -1 m+1 2 t2m71

T Z t2 + n? 7t + T Z( ) C( )
n=—oo

m=1

as well as

e}

—2mtin| _ 2
E e -~
1— 6—27rt

n=-—oo
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(¢) Use the fact that

z z Bom
-1-2 2m 2m
e —1 2t Cm)”

where By are the Bernoulli numbers to deduce from the above formula,

(27r)2m
(2m)! 2m:

20(2m) = (-1

20. The following results are relevant in information theory when one tries to
recover a signal from its samples.

Suppose f is of moderate decrease and that its Fourier transform f is sup-
ported in I =[—-1/2,1/2]. Then, f is entirely determined by its restriction to
Z. This means that if g is another function of moderate decrease whose Fourier
transform is supported in I and f(n) = g(n) for all n € Z, then f =g. More
precisely:

(a) Prove that the following reconstruction formula holds:

sin my

flz) = Z f(n)K(x —n)  where K(y) = -

n=-—00

Note that K (y) = O(1/|y|) as |y| — cc.

(b) If A > 1, then

oo
COS Y — COS TTAY

for= 30 5 (3) 0 (e-F)  where ) = ZEETG

n=—00

Thus, if one samples f “more often,” the series in the reconstruction
formula converges faster since Ky (y) = O(1/|y|?) as |y| — co. Note that
Ky(y) = K(y) as A — 1.

(¢) Prove that/ [f@)Pde= Y [f(n).

n=-—o00

[Hint: For part (a) show that if x is the characteristic function of I, then
&) =x(&) >0 f(n)e ™™ For (b) use the function in Figure 2 instead
of x ()]

21. Suppose that f is continuous on R. Show that f and f cannot both be
compactly supported unless f = 0. This can be viewed in the same spirit as the
uncertainty principle.
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Figure 2. The function in Exercise 20

[Hint: Assume f is supported in [0,1/2]. Expand f in a Fourier series in the
interval [0, 1], and note that as a result, f is a trigonometric polynomial.]

22. The heuristic assertion stated before Theorem 4.1 can be made precise as
follows. If F' is a function on R, then we say that the preponderance of its mass
is contained in an interval I (centered at the origin) if

(16) /ImZ\F(x)F‘ dzx > %AI2|F(m)|2dm.

Now suppose f € S, and (16) holds with F' = f and I = I;; also with F' = f and
I = I,. Then if L; denotes the length of I;, we have

1
LiLy > —.
! 2*271'

A similar conclusion holds if the intervals are not necessarily centered at the
origin.

23. The Heisenberg uncertainty principle can be formulated in terms of the

operator L = f% + 22, which acts on Schwartz functions by the formula
>f

This operator, sometimes called the Hermite operator, is the quantum ana-
logue of the harmonic oscillator. Consider the usual inner product on S given

by

(f,9) = / f(z)g(x)dz  whenever f, g€ S.
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(a) Prove that the Heisenberg uncertainty principle implies

(Lf, f) = (f,f)  forall feS.

This is usually denoted by L > I. [Hint: Integrate by parts.]

(b) Consider the operators A and A* defined on S by

_ & 4

dx dx +af

Af)=L raf and  A%(f) =

The operators A and A* are sometimes called the annihilation and cre-
ation operators, respectively. Prove that for all f,g € S we have

(i) (Af,g) = (f,A%g),
(i) (Af,Af)=(A*Af, f) >0,
(iii) A*A=L—1I.

In particular, this again shows that L > I.

(c) Now for ¢t € R, let

4 d
Ai(f) = éthwf and  Af(f) = 7£+mf.

Use the fact that (A7 A.f, f) > 0 to give another proof of the Heisenberg
uncertainty principle which says that whenever [ fooo |f(z)]? dz =1 then

([oewerae) ([J2

[Hint: Think of (AFA.f, f) as a quadratic polynomial in ¢.]

2
d:c) >1/4.

6 Problems

1. The equation

2@+ 8“-@
i

(17) azo- =

with u(z,0) = f(z) for 0 <z < oo and ¢ > 0 is a variant of the heat equation
which occurs in a number of applications. To solve (17), make the change of vari-
ables z=e7? so that —oo<y<oo. Set Ul(y,t) =u(e7¥,t) and
F(y) = f(e™¥). Then the problem reduces to the equation

827U+(1,a)6£_8£
oy~ ot’



